I'maBa 3
Pemmenune 3ama4 JnHeiiHON ajaredopmbl

§1 HopMmbl BEKTOPOB U MaTPHIL

K 3ajagam ymHeiiHON aJireOphbl, KOTOPBIE OYIYT paccMaTpUBaThCA B 9TOH IJlaBe, OT-
HOCATCs PEIIeHre CUCTEeM JIMHEHHBIX ajredpanvdecKux ypaBHEHHil, oOpallleHue MaTpHIl,
HaXOXKJIeHHe COOCTBEHHBIX YKCes U COOCTBEHHBIX BEKTOPOB MaTpPHUIl. BBeaeM HEKOTOpbIE
oboznauenust. C" — MHOXKeCTBO (JIMHEHHOE MPOCTPAHCTBO) N-MEPHBIX BEKTOPOB € KOM-
IJIEKCHBIMI KOMITOHeHTaMu. 7151 BekTopoB z, y € C™ 0ObIYHBIM 0003HATEHNEM WX KOMIIO-
uent 6yner © = (£1,8, .. .,&n), ¥ = (M, M2, - - -, Mn). OBO3HAUEHNEM CKAJISIPHOTO TIPOU3BeE-
JICHUST BEKTOPOB CIYKUT (X, Yy) = Y ., &7y (Z - 9HCI0, KOMIUICKCHO COIPSIZKEHHOE THCILY
z). Enquananyro marpuity Oyzuem obosHadaTh depes F U BBeJEM ele OJHO CTaHJIapTHOE
obozuauenue: e, = (0...,0,1,0,...,0), e eunuma — 310 k-asi KOMIIOHEHTa BEKTODPA €.

JI1st m3MepeHnsi U ONEHKH ITOIPEITHOCTEH, BOSHUKAIOIINX IIPU PEIeHuN 3a/1a9 JTHHei-
HO#l a/IredphI, UCIOIb3YeTCd TOHATHE HOPMBI.

Onpenenenne. BekTopHoii nopmot HasbiBaeTcs 3aanHas Ha C" BemecTBeHHAs (DYHK-
st v(z), obo3HadaeMasi 06bI9HO V() = ||x|| u obiagarormas cBoificTBAMY:

1) mst Beex Bektopos € C" ||z|| > 0 u ||z|| = 0 Torga u Tosnbko TormA, Koraa « = 0
(HysIeBOit BEKTOD),

2) st o6bIx BekTOpoB @ € C™ m uncen A € C || Az|| = |A| [|z]],

3) mas mobbix x,y € C* ||z + y|| < ||z|| + ||ly|| (mepaBencrBo TpeyronabHUKA).

Cpasy ke OTMETHM OYEBHJIHOE CJIC/ICTBUE 3):

4) s mobbix BeKTOpoB x,y € C" }||x|| — ||y||}§ |z — yl||. deitcrBurenbho, cuanrast
st onpeaenenoctn [l2]] > [lyll, mveext [zl] < [z — yl| + [yl

Hanbostee ynmoTpebuTEIbHBIMI ABJISIOTCS CIIeIyTONIIe HOPMBI, IMEIOIINe CIeInaIbHbIe
oboznadenng”:

]2 =

n
Z |€k|? = \/ (2, 2) — eBkIMIOBa HOpMa, JIMHA BEKTODA,
k=1

[0 = max [,

n
Il =) 1]
k=1

ITposepka Beex cBOHCTB 1)-3) /711 IBYX MOCIEHUX U3 9THX HOPM odeBrHa. Hepasen-
CTBO TPEYTOJIbHHUKA JJIsT IEPBOil — 9TO M3BECTHOE HEPABEHCTBO MUHKOBCKOTO.

B cuny mepasencrsa Komm - Bynskosckoro |(z,y)| < ||z||2]|y||2. Kpome Toro, ouesun-
1o nepanexcrso |(z, )| < [|2]l1 e

IIpuBeseM erme OMH BasKHBIA IPUMED HOPMBL.

*D1r 0603HAYEHAS CBA3AHDI C TE€M, YTO IIEPEUUC/ISIeMbIEC HUKE HOPMDI SBJIIOTCS YACTHBIMU CJIY9asMU
1/p
mopm Teavdepa: ||z, = (Xp—y [&[P) " (p > 1).
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[Tpumep. Iycrs ¢ (K = 1,...,n) KOMILIEKCHO3HAYHbIE HEIPEPbIBHbIE Ha [a, b] Jiu-
Heitno HesapucuMble pynkiun. Tora

Z Ekpr Z Erpr(t)
k=1 k=1

ectb Hopma B C™. CaoiictBa 1)-3) Jy1st 9T0# HOPMBI JIEMKO TIPOBEPSIOTCAL.

||| = = max

tela,b]
C

Teopema 1 (06 sxBuBasenTHOCTH HOpM). Bee Hopmbr B C" sKBHBaJI€HTHBL. DTO 3Ha-
quT, 910 JIst J100bIX JAByX HOpM || - || m || - || mafigyres rakme mocrosmmbie ¢ u ¢’ qro
J1tst Beex BeKTopoB © € C" BBIMOJIHSIOTCS HEPABEHCTBA

2" < llll”, ll=ll” < el

JokaszarenncTBo. [IockoIbKy mOHATHE SKBUBAJIEHTHOCTH HOPM, OIIPEICJICHHOE B
bopMyIIpPOBKE TEOPEMBI, TPAH3UTUBHO (T.€. €C/IM J[BE HOPMBI 9KBUBAJICHTHDLI TPETHEIl, TO
OHF 9KBHUBAJICHTHBI U MEXKJLy CODOI), TO MOXKHO CIUTATH, 9TO OJ(HA M3 HOPM €CTh || - |2, &
apyras || - || nponssosibHa. Torma

n
ngek
k=1

n
<D l&lllenll < Clizllz, tae ¢ =
k=1

|l =
B wacrmocrn, [[lz] — [lyll] < |z = yl| < ¢l}& — ylls, 7ax wro |- | — wenpepomias dyms-
musi. Ha cepe S = {z | |lz|o = 1} oma gocruraer cBoero MEHIMAJILHOTO 3HaveHHs,
OTJIMYHOTO OT HyJId, T.K. HA S B HyJIb He 0DpAIaeTcs, Tak 4To Mingeg |[z]| = m > 0.
s moboro x # 0 momoxum y = x/||z|2; Torma ||z|| = ||z]2 ||yl > mlz||2, Tak aT0 A5

mooro z |zlls < Lijz|. W

Ecyin ncnoib30BaTh MPUBEJIEHHDBIN BBIIIIE TPUMEP HOPMBbI, TO U3 TeOpeMbI 1 HeMe/ IJIEHHO
IIOJIY UM

CaencrBue 1. Ilpu 3ajannbix n u |a,b] Haiigercs takasi mocrosauas m > 0, 4T0
Jutst Jiioboro moymaoma P, € P, (P,(t) = ag + -+ + a,t™) BbImoJiHSIETCSI HEPABEHCTBO
—
| Pallcla) = M/ ey -
D10 caencrBue GOPMYIUPOBAIOCH (HO HE JIOKA3bIBAJIOCH) B §1 T1aBbl 1 B BUJie JIEMMBI.
[IycThb JaHbl MOC/IEI0BATEIHLHOCTL BEKTOPOB Ty = (&7, ...,£5) u BeKTOD .

Teopema 2. DKBUBAJICHTHDBI YTBEPXKJICHUSI:

A. Ilpu Bcex k npu s — oo & — &,

B. ||xs — z|| — 0,

B. s Beex y € C* (xs,y) — (2,y).

HokaszarenbcTBo. Ecin yrepxjenne B BbiosHgeTcs Jjisi KAKOH-TO OHON HOP-
MBI, TO B CHJIy TEOPEMbI 1 OHO BBIIOJHSIETCS U JIs BCEX OCTAJIbHBIX. JloKa3arejbeTBo
TEOPEMBI CKJIAJIBIBACTCS U3 TPEX IYHKTOB.

1) A=DB. 1o oueBnmO, ecim, HAIIPUMED, PACCMATPHBAEMast HOpMa €BKJINJIOBA.

2) B=B. 9ro BbITeKaeT U3 HepasencTna (s, y) — (2,y)| < ||zs — x|2]|y||2-

3) B=A. Tlomoxum y = e, (k = 1,2,...,n). Torna & = (zs,y), & = (v,y) u
G W
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Eciu BbimosiHEeHO XOTh 0/1HO u3 TpeboBanuii A-B (a 3HauunT, u 1Ba ApyrHre), TO TOBODSIT,
9TO TIOCTIE0BATETHLHOCT BEKTOPOB s CXOUTCs K BeKTOpy Z (xy — x). CXoauMocTh B
cMbICIe A Ha3bIBaeTCs MMOKOMIIOHEHTHOI, B CMBIC/IE B — CXOIMMOCTBIO 110 HOpME, B CMBIC/TE
B — caboit cxoanmocThio BeKTopoB. Takum obpaszom B mpocrpancTse C™ Bee 3T Tpu BUIA
CXOJIMMOCTH O3HAYAIOT OJIHO M TO Ke.

[lepeiiiem Tenepsb K paccMOTpeHUIO MaTpuIl. MHOXKECTBO KBaIPATHBIX MATPHUIL TOPSII-
Ka 7N ¢ KOMILIEKCHBIME 3JIeMeHTaMu OyjieM 0003HadaTh uepe3 M, a 971eMeHThl MATPHUIIhI
A — uepes ay;:
ayr ... Qip

Ap1 .. Qpp

EjuHudHyo MaTpHily, Kak y»Ke TOBOPUJIOCH, OyjieM 0603HadaTh OykBoil F. 3ajaHHas Ha
M, BemecrBennas dbyukmus || A|| HazpBaercs 1Hopmot, ecan OHa YIOBIETBOPsET TpeboBa-
HUASIM:

1) mius Beex A € M, ||A]] > 0 u ||A]| = 0 B Tom 1 ToabKO TOM ciaydae, ecim A = 0,
T.C. PABHBI HYJIIO BCE JIEMEHTBI 9TOI MATDHIHL,

2) s Bcex A € Cu A e M, [|AA| = |A| [|A]l,

3) wist Becex A, B €M, ||[A+ B < ||A| + B

Kaxk n jyis BeKTOpOB, U3 3) ciemyer

4) (1Al = 18| < A - B

Kaxoit matpure A € M,, MOXKHO CONOCTABUTL HEKOTOPBIH BEKTOD TOPSAIKA N’ MO
HPABWILY T4 = (A11, -+, A1n, A215 - - « 5 Apyp ). DTO cooTHOMmIEHNE MKy M, u C,2 juHeiino u
B3AIMHO-0IHO3HAYHO, IpudeM ||z 4|| = || A|| ects BexTopHas mopma B C™. Takim 06pazon,
HopMy B M, MOXKHO paccMarpusaTh Kak Hopmy B €. TIosToMy B ciity Teopems 1 Bce
HOpMBI B M, 9KBHBAICHTHBL.

PaccmoTpuM mociie[oBaTeIbHOCTD MATPHI]

S S
Clll o e aln

S aS

u matpuity A.

Teopema 3. DKBUBAJICHTHDBI yTBEPKICHUSI:
. S
A. npu Beex k,j aj; — agj,
B. [|[A; — A|| — 0,
B. gt Becex x € C* A,x — Ax,
I st Beex x,y € C" (Asz,y) — (Az,y).
JlokaszaTenbcTBO. Kak n B TeopeMe 2, HOpMa B YTBEp:KJICHUH B IMpOn3BOJIbHA, U
JIOKA3aTeJIbCTBO TEOPEMbI CBOJINTCS K JI0KA3aTEILCTBY Y€ThIPEX COOTHOIIEHMUIA:
A< B — 570 citeyer w3 TeopeMbl 2 ¥ YKA3aHHOTO BBIIIE COOTBETCTBUSI MEKTy HOPMAaMU
B M, u C,:.
— R s S J—
A=B. [Ina z, = A,x my = Av nmeenm & = > aj,§ — > ani&; = -
B=T. 910 cooTnomenne oueBuIHO BBUIY IIyHKTa B 13 Teopembr 2.
I'=>A. JlocTtaTo4HO paccMOTpeTh Cilydail BEKTOPOB T = €j, Y = €, /I KOTOPOI'O
J— S —
(Asx> y) - a’kja (AZL', y) = Qgj u
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Ormpejiesienne CXOMMMOCTH TIOCIEIOBATEIHbHOCTH MATPHIL TA€TCs TaK YKe, KaK JIJI BeK-
TOPOB.

BBe,ZLeM TEIepb KJacC HanboJiee ynOTpe6I/ITeJ'H)HbIX MaTPpUYIHbIX HOPDM.

Onpepesienne. [Tycrs || - || HekoTopast Hopma B C". Marpuanast Hopma
Ax
4l = sup 12— qup 4] (1)
w0 ||zl |lz||=1

Ha3BIBACTCS ONEPAmopHOtl HOPMOIi, TOPOXKJIEHHON COOTBETCTBYIONIE BEKTOPHOIA.

To, uaro onpenensiemast dhopmynoit (1) dbyHKIMs A€HCTBUTETHHO €CTh HOpMa, MPOBe-
psiercst aneMenTapho. Eciu || - || — omeparopras HOpMma, To mommumo 1)-4) ona obsagaer
eIIie JIErKO MPOBEPSIEMBIMH CBOFICTBAMI.

5) Husa Bcex BextopoB z ||Az| < ||All||z] (Bexkropmas mOpma ||z|| 3mech mMenHO
Ta, KOTOPasi OPOXKIAET OLEPATOPHYI0 MATPUIHYIO) U CYIIECTBYET TaKO# BEKTODP T(, UTO

lzo|| = 1, ||Azo|| = ||A||, THocnentee yrBep:kienue ciepyer U3 OrPAHUYEHHOCTH U 3a-
MKHyTOCTH (KOMIakTHOCTH) MHOKecTBa S = {x € C" | |lz|| = 1} u HenpepbiBHOCTH
HOPMBL.

6) st enuananoit marpunst ||E|| = 1.

7) OmueparopHasg HOpMa TPOU3BEJICHUS MATPUL] HE HPEBOCXOJUT MPOU3BEICHUS UX
wop: [ AB|| < || A] | B\

8) JIroboe cobeTBeHHOE YHCIO A MATPUIBI A He MPEBOCXOIUT MO MOJYJIO JII00Oi ee
ornepaTopHoii HopMbL. [leficTBUTEIBHO, JJIsi COOTBETCTBYIOIIETO COOCTBEHHOI'O BEKTOPA, T
myeeM || [lz]] = [|Az]| < [|A]l lz].

OmepaTopHble HOPMbI MATPUIIBI, TOPOZKIEHHBIE BBEIEHHBIMU BBIII€ BEKTOPHBIMI || - [[o,
| [loo ¥ || - |1, TOMeUaOTCS TEMU YK 3HAYKAMU.

Teopema 4. CupaBe/yinBbl paBeHCTBA:

Al = max 3 o | 2
J

Al = max 3 la (3)
k
1Al = VA, (4)

rae A — MakcumaibHOE cOGCTBEHHOE 9HC/I0 MaTpurbl® A* A.
Hoxkazarenbcrso. 1) O603HAYNM TIPaBYIO 4acTh (2) depes3 3¢ U JJisi MPOU3BOIBHO
BBIOPAHHOTO BeKTOpa r mnojoxuMm y = Ax. Torma

> ag
j

*KopHn 3 cOGCTBEHHBIX YHCes MATPHIBI A* A HA3BIBAIOTCS CUHLYAADPHOLMU HUCAGMU MATPHUIBL A, Tak
410 || All2 ecTh MaKCHMAaJbHOE CHHIY/ISPHOE YHUCJIO MATPUILL A.

| = < o zloo,
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Tak 970 [|AZ|leo = [|[Ullooc < 5[|Z]|oe U [|A||oc < 5. Ilycrb Makcumym B mpaBoil gactu
pasencTBa (2) gocturaercs nupu k = ko: 3 = Y . |ag,;|. Homoxum™® §; = sign ay,;, y = Az.
Torna [|2le = 1, ke = 2, [[A2[cc = [|ylloc > 2 1 moTOMY [[A[00 > 5.

2) [lycrs s — upasas gacts (3), Az = y. Torga

lylly =D 1> ani&| <D IEGD laws] < sl
j j P

k
u oromy || Ay < s Ilycrs 52 = ), |agj,|. Torma mnst Bekropa = = ej, mmeem ||z]|; = 1,
[Az]ly = s, w [|Ally = >

3) Marpuna A*A camoconpsixkennast (spmMuToBa). Bee ee cobcTBeHHbIE 4HC/Ia Belle-
CTBEHHBI, HEOTPUIATEJIbHBI, ¥ OHA UMEET MOJIHYIO OPTONOHAIBHYIO CUCTEMY COOCTBEHHBIX
BeKTOpOB. [lycte Ay > Ay > -+ > A, Bce ee coberBennbie uncia (A = Ay) u z1,..., 2,
— COOTBETCTBYIOIINE COOCTBEHHBIE BEKTOPBI, TaKHe UTO (24,72;) = Of;j. lIpon3Bosbmbrit
BEKTOD Z Pa3JIOzKUM 10 STUM BEeKTOpaM: T = » agzp. Torna ||z]|3 = (2, 2) = > |aw|? n

| A5 = (Aw, Az) = (2, A"Az) = Y Aelewf* < All]3.

Tak uro |[Als < VA. B 1o ke Bpems |[Az||3 = (Az, Az) = Az1,21) = Az}
Al > VA, =

CaencrBue 2. Ecimm marpuna A camoconpsixennasi, To || Ally = max |A\g|, nme Ay —
COOCTBEHHBIC THCIA CaMOI MaTpUIlbl A.

JokaszaTenbcTBo. B paccmarpusaemoM ciaydae A*A = A%, u cobeTBenmbIe Tnca
9TON MATPHUILI CYyTh KBaJpaThl cOOCTBeHHBIX uncest Matpurpl A, W

Boranciienne HopMbl || Al|2 00bI9HO TpEOyeT 3HAYUTEIBHO 3aTPATHI TPY/IA, U IOITOMY
[IPE/ICTABJIAIOT UHTEPEC €€ OlEeHKU:

Teopema 5. /s || A||y cipaBeyinBbl oreHku:

Al < /DD lawl [A]l2 < VI Allso |-
kg

Hoxkazarenbcrro. 1) dua y = Ax umeem

lyllz = Zj:akjfj 2 < Zk: (Z |akj|2) (ZJ: |€j|2> = HQEH%;; s *.

k J
2) A5 = A < |AAlls < [[ A1) A*][ = [JAlL[|Alloo. 8
Sameuanue. [IpaBas gacTsb mepBoil U3 JOKa3aHHBIX OIEHOK €CTh HEKOTOPas MaT-
puunas Hopma. Ona naspiBaeTcs nopmoit @pobenuyca.

* J171sT KOMILJIEKCHOT'O 9HCJTIa, (¥

. 0 upu o = 0
signa =
af|lal nopm a # 0.

Tem cambiM arsign @ = |a.
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[* 3ameganue. MHOrME U3 U3/I0XKEHHBIX BBIIIE PE3YIBTATOB — TO YaCTHBIE CIIydan
U3BECTHBIX B (DYHKIIMOHAJIHLHOM aHaJn3€e pe3yJabTaToB. B dacTHOCTH, olepaTopHas HOP-
Ma MaTpHUIBI — 9TO HOPMa MATPHUII KaK JuHeiHOro omeparopa B mpoctpancTBe C") B
KOTOPOM 3aJIaHa HEKOTOpasi HopMa. *|

3amaya 1. lokazatb, 9To mist HopMm [esbiepa mpu ¢ — 0O BBIMOJIHSETCS COOTHOIIEHUE

1/q

n
lzllg = | D16l )] = llzllo.
k=1

Bapaua 2. IIycre B neocobennas marpurna (tT.e. det B # 0) u || - || — BexTopras Hopma. Ilomoxum
llz]|" = || Bz||. Ilokazars, aro || - || Takke HOpMa, 1 HANTH BBIparKeHHE JIs OPOXKJICHHON 9TOH HOPMOt
ONepaTOPHOl MATPUIHOM.

Bamava 3. [l p v ¢, IPUHIMAONIUX HE3aBUCUMO JPYyT OT APyra 3HadeHust 1, 2, 00, HAWTH

A
sup ||17Hp, 1Y
zecn ||zl Aem, |4l

O6pa,TI/ITb BHUMaHHE Ha XapaKTep 3aBUCHMOCTH 3TUX BEJIUYIHH OT 7N.

3amada 4. [Tokasarb, yro HOpMa PpobeHMyca He sIBJISIETCs OlEePATOPHOIA.

§2 Marpu4dHasi reoMmeTpudecKasi IIpOrpeccusi
W HEKOTOPbIE OIEHKU

B srom maparpade, ecim He OrOBOPEHO MPOTHBHOE, MBI BCETJA CIATAeM, 9TO 3a1a-
Ha IPOU3BOJIbHAsI BEKTOPHAsd HOpPMAa, a HOPMa MaTPHIBI — BCerJa IMOPOXKICHHAS ITOM
BEKTOPHOI OIlepaTopHas HOPMA.

[Iycte A € M, — mekoTopass marpura. MarpudHasi reOMeTprUYIecKass MTPOTrPecCus —
510 mocsieioBareibHocTh MaTpuil { A®}. [TocraBum Borpoc: ipu Kakux ycaoBusax A® — 07

Jlemma 1. Ecin |\ < 1, v — marypamasnoe, To CYA\°*~" — 0 npu s — 00.
HokasaTenbcTBO cieayer u3 toro, yro CY < s”. W

Jlemma 2. IIyctp

A 10 0
0 A 1 0

D=0 o x 0 |em, (1)
0 0 0 ... A

Ecmm |\ < 1, o npu s — oo D — 0.

HdokasarenscrBo. Jocrarouno nokasars, uro npu Bcex k Djep — 0. Beegem
obosnauenue: e, = 0 npu k < 0. Torma pu Bcex k < n D,ep = Aep + €,_1 ¥ METOJI0M
WH/TYKITIH JIETKO TIOKA3bIBAETCS, UTO

s
Dflek: E C’;’)\S_”ek_,,.

v=0
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[eiicTBuTesibHO, Tipr § = 1 3T0O paBeHCTBO 04YeBHHO. [[oKaxkeM BOZMOXKHOCTDH WH/TyKTHB-
HOI'O IIepexojia oT S K s + 1.

s s
1 § : 1- § : -
DZ+ e = C;/)\s+ ”ek_,, —+ C;/)\s ”ek_,,_l.
v=0 v=0

Cogepiriast Bo BTOpOii cymMMe 3aMeHy WHJeKca v = V' — 1 u obo3Havdasi HOBbI WHIEKC U/
CHOBa 4epe3 vV, uMeeM

s s+1
Difle = ATlep+ ) (CY+ CU N Yery + epsrny = Y CY A e,
v=1 v=0

1 9TUM Hall€ PaBE€HCTBO JOKa3aHO. HpI/I s > k — 1 cinaraemble ¢ HOMEepaMu vV Z k o6pa—
I1aloTCd B HOJIb, TaK KaK TOr'da €r_, = 0, n IIOTOMY IIpU TaKHX S

k—1

DZek: E C;/)\S_Vﬁ’k_y,

v=0

U UCHOIB3yd JiemMmy 1, oydaeM tpedyemoe. M

Onpexnenenne. Cnexmpanvivim paduycom Marpuibl A (obosnauenue p(A)) Ha3bBa-
eTcsl MAKCUMAJIBHBII 13 MOJLyJIeli ee COOCTBEHHBIX YHCElI.

Teopema 1. /lyst Toro arobsr A* — 0, HEOOXOUMO U JIOCTATOYIHO, YTOOBI CIIEKTPAJIb-
mbli papryc Mmarpuipl A 6bl1 Menbine equaunpl: p(A) < 1.

Hoxkaszarenbcrso. 1) Heobxomumocts fgokazkem ot nporustoro. [Tycrs marpuna A
nMeeT COOCTBEHHOE YHCIO A, Takoe 4To |A| > 1, u mycTh 2z — cooTBeTCTBYOMUiT COGCTBEH-
ublit BekTop. Torma ||A%z|| = |A]°||z]] > ||z]| u A%z me cTpemuTes K HysIeBOMY BEKTODY, a
TeM cMbIM A° — K HyJIeBO#I MaTpHIIE.

2) J1ocTaToMHOCTD JIETKO TOKA3BIBACTCS, €Ca A HMeeT MOHYIo CHCTeMy COOCTBEHHBIX
BEKTOPOB, HO IIPEIOJIararb 9TO Mbl He OyJeM M BOCIOJb3yeMcs i A KaHOHHYECKOIT

dopmoit 2Kopnana: A = BDB™!, rue

D, 0 .. 0
|0 Duw .0
0 0 .. D,

D,,; — marpunpl Busia (1) ¢ cobcTBEHHBIMI YHCIAMA \; MATpUIbl A Ha IJIABHON JHaro-
masm. Torna A® = BD*B~!, npuuem

Dy, 0 ... 0
po| O D0 |
0 0 .. D

n

u B caydae p(A) <1 D*—0. W
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PacemorpuMm Tenephb cyMMy 9I€EHOB MaTPUYHON MeOMETPUIECKON ITporpeccun (pﬂ,u)
E+A+ A2+ A%+ ... (2)

U PacCMOTPHM BOIIPOC O CXOJMMOCTHU 3TOr0 psja. CXOAUMOCTH MATPHUYHOIO Dsijia TIOHH-
MAaeTCsl, €CTeCTBEHHO, KaK CXOJMMOCTD €0 YaCTHBIX CYMM.

Teopema 2. /L5t Toro arobbl psi (2) exonuicst, HCOOXOQHMO H JIOCTATOYHO YCJIOBHE
p(A) < 1. B ciyuae cxonumoctu cymma psijta ectb S = (E — A)7L.

JlokaszaTenbcTBo. HeoOXouMOCTD CJielyeT U3 TOro, 9TO OOIIUil YJIeH CXOAIICTOCS
psizia 00sI3aH CTPEMUTHCS K HYJIIO, 1 TEOPEMBbI 1.

Hocrarounocts. Ilycts S, — 4actnag cymma pajga. Torma (E — A)S,, = B — A™L
T.k. A =1 e ectb coberBennoe ancao marpuiisl A (p(A) < 1), To cymecTByer obpaTHas
marpuna (E — A"t u S, = (E — A)7Y(E — A™*1). Ocraercsa nepeiitu K 1pejiey mpu
m—oo. W

CaencrBue 1. Ecin ||A|| < 1%, 1o psia (2) exonurest, marpuna E — A obparuma u

1
AT @

JokaszaTeabcTBO BBUJLY CBOHCTBa §) ONEPATOPHON HOPMbI TPEOYeTCs JIUIID JIJIs
oleHKN (3) u cJeyer u3 ONEHKN YacTHBIX CyMM psja (2):

I(E -4 <

1

Sall <1+ [JA|+ |42+ + 4™ < ———.
| Sl Al + || Al | Al T A

[
SBameuanue 1. B mokazamnnom ciegactsum MaTpuity A MOKHO 3aMeHUTDh Ha —A, Tak
aro ecim || Al < 1, To cymecrByer obparnas marpuna (E + A)™' u

1

E+A™Y < ——.
I1( )l T TA]

[* Bameuanue 2. [Jokazannoe cJIeJICTBUE €CTh YACTHBINA CJIydail XOPOIIO U3BECTHOMN
B (DyHKIMOHAJIBHOM aHajm3e TeopeMbl Banaxa.™*|

Onpegenenne. ['oopsar, uro A — 310 Mampuya ¢ JuazoHasbHbLLM NPeobAGdaHUEM,
ecii B KayKJOH ee CTPOKe MOJY/b JUArOHAJBHOIO dJIeMeHTa OOJIbIe CyMMbBI MOLYJIei
OCTAJIbHBIX JIEMEHTOB 9TOW CTPOKH:

larel > lag;l,  kE=1,2,....n.
7k
Teopema 3. Marpuia ¢ jguaroHaJbHBIM ITIpeobJiajianueM oOpaTnMa (HeBBIPOXKIeH-
Hast).
JlokazaTesbcTBO. JAnaronajsbHble 3/1eMEHTHI MATPUTIBI A OTJIMYIHBI OT HYJISA, 1 OHA
nomyckaer npejcrasieane A = D(E + R), rie

a; 0 ... 0 0 ajz/ay ... a/an
D- 0 ayp ... 0 . R= ag1/ass 0 N
0 0 ... apy Un1/Cpn Qno/Qpp - 0
*HamomuumM, uro ||A|| — oneparopuas mopma.
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Braech ||R|lo < 1, mosTomy marpuna F + R obparumva u A npejicraBieHa B BHJIE TPOU3-
BeJsieHus JIByX oboparuMmbix maTpuil. M

Sameuanue 3. Tak kKak 00paTUMOCTb MATPUIILI BJICYET U OOPATUMOCTH TPAHCIIOHH-
POBaHHOI, TO JIJIT OOPATUMOCTHA MATPHUIIBI JOCTATOYHO U “IMArOHAJBHOTO IIPeodIaIaHus
B cToJIOnax”.

Onpenenenne. Kpyzamu [epweopura MaTpuibl A HA3LIBAIOTCA KPYIU Ha KOMILIEKC-

HOH IJIOCKOCTH
Ak:{AGC ‘ |>\—akk\ < E |akj|}.
J#k

Teopema 4. Bce cobcrBeHHBIE UmCaa MaTpHILI A comepsKarcss B OObEIHHEHHH €€
gpyros lepiropuna.

HoxasaTenbcrso. Eem A ¢ Ag, 10 |ag, — Al > 3. |ag;], Tax 1o ecim A ¢ UA,
o A — AE MaTpuia ¢ IuaroHaJbHBIM IIpeobJaJaHueM U IIOTOMY HEBBIPOXKICHHAs, TaK
YTO COOCTBEHHBIX 4Hces BHE 00benuHenus Kpyros Leprropuna ner. M

Sameuanue 4. TouHo tak »Ke Bce cOOCTBEHHBIE YUCTIA COJIEpP:KATCA B Kpyrax lepii-
rOpUHA TPAHCIIOHUPOBAHHON MATPHUIIHI.

[Iycth mcxomuble JaHHBIE B KAKON-TO 3aJiavde BBIYUCACHUA W3BECTHBI HAM HETOYHO.
Omubka B peIrieHnn, BbI3BaHHas HETOTHOCTHIO NCXOIHBIX JAHHBIX, HA3BIBACTCS HEYCmpa-
HUMOT. 3aifiMeMcsT OTIeHKOM HEeyCTPaHNMON OIMMUOKM B 3a7ad9ax OOpaIleHus MaTpPUIl U pe-
HIEHUdA CUCTEM JIMHEHHBIX ypaBHCHUI.

Teopewma 5. Ilycrb maTpuiia A obparuma u marpuna AA yaoBjaeTBopsieT HePABEHCTBY
|A7Y [JAA|l < 1. Torma marpuna A + AA Takske o6paTHMa U BBIIOJHSIOTCS ONCHKH

|A~"]
1—[|AY[AA]

IATTPIAAL
1—[[A=H][AA]

I(A+A4)7 < I(A+AA)™ — A7 <

Hoxkaszatenncrso. [lo cregcrsmo 1 marpuna £ + A“'AA obparuma u

1

E+ A'AA)Y < .
It = T A

Tx. A+ AA = A(E + A7'AA), 1o cymecrsyer (A + AA)™! = (E + A7TAA)TATY

OTKY/la Cpa3y 2Ke CJieJIyeT 1epBad U3 JOKa3bIBaA€MbIX OIIEHOK. ,Z];OK&)KGM BTOpPY1O:
(A+AA) T — AT =[E- A A+ AA)J(A+ AA) = —ATTAA(A + AA) !

U OCTaeTcs IPUMEHUTD MIEPBYIO, y2Ke JoKasaHHyio, oneHky. M

ObparuMcst K 3ajade peleHnsi CUCTeM JIMHeHBIX ajrebpandeckux ypapHeruii. [IycTn
x* — pereHne CUCTEMBI JTUHENHBIX YpaBHEHMI

Ax =y, (4)
a r* + Axr — cucreMbl ypaBHeHuit

(A+AA)x =y + Ay.
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Teopema 6. I[Tycts marpuia A obparuma u || A7 ||AA| < 1*. Torza

1A~

|Az]| < -
1= [[A=H [AA]

[IAA[ =] + 1 Ayll].

HoxkaszarenbcrBo. Beenem eme BekTop 2 + Az — pelnienue cucTeMbl ypaBHEHUI
Axr = y + Ay, tak uro Az = A7 Ay, ||Az|| < |A7Y] ||Ay||. Torma Ml umeem asa
paBeHCTBA:

(A+ AA) (2" + Az) =y + Ay + AA(z" + Ax),
(A+AA)(2" + Az) =y + Ay

¥, BBIYATAs U3 BTOPOTO TIEPBOE,
(A+ AA)(Az — Az) = —AA(x™ + Aqx),

OTKY/1a, UCIOIb3ys TEOPEMY O:

1Az = Azl < [I(A+ AA Y AAN + Are]) < —A AL ey A
) < wl) < T A4l 1
n jajee
JA- A4 A1
Azl < ||Azx — Avz|| + ||Aqz]] < ¥ + Ayl
] < 180 - Al + el < AR oy o L)

YTO COBIIaJaeT C JOKa3bIBa€MbIM HEPaBEHCTBOM. |

SBameganue 5. st Toro 9ro0bI m30€2KaTh B IIPABOil YaCTH OTEHKHM HEN3BECTHON HaM
BesIMuuHbI ||2*||, MoxkHO Bocmosb3oBaThest HepasencTeoM |z*|| < ||A7H] ||ly|l-

B Teopemax 5 u 6 peun nuia 06 abcoarommsir morpentHocTax. Beegem omuocumenvrivie
IIOI'PEITHOCTH:

-1 _ g-1
sa o 1841 o Avl g A AL A

|Az]]
) - ) 3 61’ -
1A]] [yl A=

ESR

Onpenenenne. [lycts A HeBbIpOK IeHHAS MATPHUIIA. HUCAOM 00YCAOBAEHHOCTIU MATT-
puys, A Ha3BIBAETCS

pu(A) = [JA] A7)

Bnaech ||Al| — oneparoprasi HopMa MaTPHUIIBI, TAK YTO YUCIO OOYCIOBIEHHOCTH, KaK
1 ollepaTopHasi MaTpUIHasT HOPMa, CBsI3aHo ¢ BBemennoit B C™ BekTopHOil HOpMOIL. Ecan
[OCJIe/IHSST TOMEeUeHa KAaKUM-HUOY/Ib 3HATKOM, TO TE€M Ke 3HAUYKOM momedaercs u ji( A).
Hampumep, eBK/INI0BOI BEKTOPHOIT HOPME COOTBETCTBYET fig(A).

Teopema 7. IIycte A obparumast marpuna. Ecmm p(A)0A < 1, o

pAIA A

ATl T T AN
g 11— p(A)dA’ ~1—u(A)oA

(6A + 6y).

*Bamernm, uro B cuity TeopeMbl 5 Torma u A + AA obparuma.
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ToxaszaTenbcrro. [Hockonbky p(A)JA = [|[A7Y| [|AA], To B cumy Teopembr 5 mat-
puna A + AA obparuma. Ilo Toit xxe Teopeme
o IATNIAAL p()sa
L= ATHIAA]L T - pu(A)6A

[lepeiizem K JoKa3aTeabCTBY BTOpOit omeHku. [To Teopeme 6 (OaTh UCIIOIB3YsT PABEHCTBO

IATHHIAA] = u(A) 64)

| ) ||Ayr|)
or < —m A)OA + ||AH .
[ j(A) A (“( VoA AT

Ocraercs onennts ||z*|| cuusy u3 Hepasencrsa ||yl = ||[Az*|| < [|A]] ||z*||. W

Bameganune 6. Obparum BHUMaHHUE, 4TO ecau mnpoussedeHue (i(A)dA HACTONBKO
MaJIo, ITO UM MOXKHO NPEHEOPEedD 10 CPABHEHUIO C eIMHUIEH, TO B JTOKA3AHHBIX OICHKAX
1(A) ectb kosdbdunuent npu onenke A~ yepes cymmy JA + dy.

Bameuanune 7. lockombky 1 = ||E| = ||[A7 A|| < u(A), To aucio obyciosnennoctu
MATPHUIBI He MOXKET OBITh MEHBIIE ¢JUHUIBI. B CBA3M ¢ JOKa3aHHOIT TeopeMoil 7 IPUHATO
Ha3bIBaTh MaTpully A u cucremy ypasHeHuit (4) xoporo obycioBieHHbIME, ecyn fi(A)
HEBEJIMKO, U IIJIOXO OOYCJIOBJICHHBIME B IIPOTHBHOM ciaydae. CKasamHoe, pasyMeeTcs, He
MOZKET CJIy’KHTh MaTEMATHICCKUM OIPEICICHICM U CBA3AHO C TEM, ¢ KAKOH TOYHOCTHIO
BEJLyTCA BBIYUCJICHUS M C KAKOH TOYHOCTBIO MBI XOTUM HOJIYIUThH PE3YIILTAT.

Bagaua 1. [TokasaTs, 9T0 B cIydae caMOCONPSIXKEHHON MaTpuiibl A

max |A
p2(A) = 7X| 4

min [Ag|’

rie A\ — CODCTBEHHBIE YUC/Ia MATPUIbl A.

Bagaua 2. [TokazaTs, 4To jyist J11060#t MaTpurbl A 1 JI000H MATPUYHON HOPMBI BBIITOJIHIETCS PABEH-

CTBO
Tim /[T = p(A).

Bapaua 3. [Iycrs Bee MaTpunsl nocsegosarenbaoctu { Ag} rakosbl, uto p(As) < ¢ < 1. MoxHo a1

YTBEPKIATH, 9TO JJjist Marpul, By = AgAs_1... A3 A1 BbeInonHsIeTcst cooTHomenue By — 07

§3 Bompocs! ycroitumBocTr B 3a/avue Ha COOCTBEHHbIE 3HAYUEHUS

PaccemorpuMm Borpoc, HACKOJIBKO MOTYT M3MEHSIThCA COOCTBEHHBIE UMC/Ia W BEKTOPDI
MaTPHIILI IPU MAJIBIX €€ Bo3MyIlenusax. Hadnem ¢ mpuMepoB, KOTOpPbIE WILTIOCTPUPYIOT T€
TPYJIHOCTHU, KOTOPbIE MOT'YT 3/1€Ch BO3HUKHYTh.

[Ipumep 1. PaccmoTpum mMaTpuily mopsijika 1, 3aBUCAILYIO OT MAJIOro mapaMeTpa &:

1 1 0 ... 0 O

0 1 1 ... 0 0
Ac=1... ... .. ... ... ...,

o o0 ... 1 1

€ 0 o ... 0 1

tak uro A, € M, ommmuaerca or “KaHoHHUYecKoro dmuka zKopmana’ ¢ eIuHHUIIAMU Ha
IVIABHOM JIMaroHa I JIKIIb OJHUM 3JIEMEHTOM: ‘B JIEBOM HIKHEM yriy crouT € > 0. Y
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Marpuilbl Ag A = 1 gBIsgeTcs eUHCTBEHHBIM COOCTBEHHBIM YHCIOM U MMeeT KPATHOCTh

n. Ipu ¢ > 0 Bce cobcTBenmble umCIa MATPHIBl A, pasmmumer )\, = 1 — {/ee?™k/m
rie k = 0,...,n — 1. Orcioga aBa BbIBOJa. Bo-IIepBBIX, KPATHOCTH COOCTBEHHOIO UMCJIA,

HEYCTOIUMBA 1O OTHONICHNMIO K MAaJIBIM BO3MYIICHHAM MATPHUILL. BO-BTOPBLIX, B CiIydae
KPATHOT'O COOCTBEHHOT'O HYHCJIA €0 BO3MYIICHHE MOYKET MMETh MEHBINHIl MOPSI0K MaJIo-
CTH, YeM BO3MYIIEHHE caMoil MaTpuIbl. Tak, B HAIIEM IIpUMepe BO3MYIIEHIE I OJHOTO
S71eMeHTa MATPUILl Ay Ha BEIMUNHY € HIPUBOIUT K BO3MYIIEHHIO COOCTBEHHBIX IHCET Ha
pesmunny nopsaka e/ pun =10 u e = 1070 s maTpuis A, okazkercs A\g = 1.1.

I[Ipumep 2. PaccmoTpuM MaTpuIlbl BTOPOrO HOPSIKA

1+¢ 0 1 ¢

Adi=1{"¢ 1) A=l )

y 00enx 9Tux OJIM3KHX IPU MaJOM € MATPHI[ OJHH U Te Ke COOCTBEHHBIE uncia 1 + ¢ u
1 — €, HO cOOCTBEHHBIE BEKTOPBI, HODMUPOBaHHBIC ycsoBueM ||z||a = 1, y mepBoit u3 Hux
) ) 2 )
L1 1
(1,0) u (0,1), a y BrOpOif ﬁ(l’ 1) wu ﬁ(l’ —1).
Taxum 06pa3oM, B ciiydae HAJHIUA OJIU3KAX COOCTBEHHBIX YHCETT MAJIBIC BO3MYIIICHUS

MaTpUllbl MOT'YT Kap/JWHAJbHO MEHATH CUCTEMY €€ COOCTBEHHBIX BEKTOPOB.

Jabie OyjieM paccMaTpUBATD CIydail mpocToro co6CTBEHHOIO YUC/IA.

[Iycts mama marpuma Ag € M, A\g — mpocToe cOOCTBEHHOE HHCJIO ITOW MATPHUIIHI
U Zg — COOTBETCTBYIONINNA COOCTBEHHBIH BEKTOp. YCTOMYMBOCTL Ag M 2y O3HAYAET, UTO
MaJible U3MEeHEeHMs MaTpuibl Ay BBI3BIBAIOT MaJjible U3MEHEHHUsI \g U Zg, T.€. IIPU MAJIOi
marpure AA marpuma Ag + AA Gymer umerb cobcTBeHHOE YHCIO Ag + AN U cooTBeT-
CTBYIOINI COOCTBEHHBIN BEKTOD 2o + Az, rme AN m Az masbl. [TockoabKy cobcTBeHHBII
BEKTOD OIPeJIeJIeH ¢ TOYHOCTHIO JI0 MHOYKUTE/IsI, €CTECTBEHHO CIUTATh €10 HOPMUPOBAH-
HBIM KaKNM-/TM00 YCIOBHEM U TeM K€ YCJIOBHEM HOPMUPOBAHHBIM BEKTOP 2o + Az. Jlms
OIIPEIEJIEHHOCTH OYIeM IPEIIIo/IaraTh, 9To JjIsd HEKOTOPOro BEKTOPA Yy OTIUYIHO OT HYyJIs
CKaJIIpHOE Mpou3BejieHue (Yo, 2p), ¥ B KAUeCTBE HOPMUPYIOIIErO YCJIOBUSL JIJIsi COOCTBEH-
HBIX BEKTOPOB OIM3KUX K A MaTpuir BeIOEpemM

(Y0, 2) = 1. (1)

Teopema 1. Ecim \y ecTb npocroe cobCcTBeHHOE YHCI0 MATPULBI Ag, TO B HEKOTOPOH
OKDECTHOCTH 9TOH MATPHUIBI COOCTBEHHBbIE YHCJIO U BEKTOD (HODMUDPOBAHHBI YCIOBUEM
(1)) cyrp HempepsiBHO JuhhepeHiupyeMble (OYHKIHN ee 9JIeMeHTOB" .

HokaszarenbcrBo HaudeM ¢ A. [lycts P(A, \) — xapakTepucTHIeCKUil MOJTMHOM
marpurpl A. Ero koaddunmentsr cyrh HenpepbiBHO uddepeHimpyemMble (U 1aze MoJIu-
HOMUAJIbHBIE) DYHKIMU 3jeMeHToB MaTpuilbl A. TTockobKy A\g — mpocroe coGCTBEHHOE
ancio, To B Touke (Ao, Ag) Gymer & P(A,A) # 0, u 1o Teopeme 0 HesABHBIX DYHKIMAX
B HEKOTOpOil okpectHocTH Ay KopeHb A(A) XapaKTepucTudeckoro mojmHoma (T.e. cob-
CTBEHHOE YHCI0 MaTpHIlbl A) ecTh HenpepbiBHO jnddepeHnupyemast (OyHKITHsT 37IEMEHTOB
marpuipl A. Jlanbime Mol OygeM paccMaTpuBaTh MATPUIBI A JUINL 13 9TOH OKPECTHOCTH.

*D10 o3HAUaeT, UTO B HEKOTODPOI obsactu ||[A — Ag|| < € (¢ > 0) cymecrByior HenpepbiBHO aud-
depennupyembie dyuxmun A(A) u z(A) snemenros marpunpt A, takue ato A(Ag) = Ao, 2(Ag) = 20 m
npu Beex A m3 sroit obmactu A\(A) ectb coberBenHoe umcso marpunpl A, a z(A) — coorsercTByrOMIMit
eMy COOCTEEHHBIN BEeKTOP, HOPMUpOBaHHbIH yeaosueM (1). Kax OymeT BUIHO U3 JOKA3aTEILCTBA, MOYKHO
yTBepKIATh, 4T0 A(A) n z(A) aBigorcs 6eckonedno puddepeHnupyeMbiMu OYHKIUAMHU.
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Martpura Ay — Ao E nMeeT HyJIeBOI OIpeIe/InTe b, I He yMaJIAs OOIMTHOCTH Oy1eM CUIn-
TaTh, IYTO ee IepBasl CTPOKa JIMOO HyseBas, JTUOO eCTh JUHeHasT KOMOWHAIIS OCTaIbHBIX
cTpok. Kazkmoit 6ymmskoit Kk Ay marpurie A n qucity A, 6JIU3KOMY K Ao, COITOCTaBUM MaTPHUILY
B(A, \), kotopas noJiydaercst u3 Marpuiibl A — \F 3aMeH0ii ee mepBoii CTPOKM HA BEKTOP
yo. Torma marpuna B(Ag, \g) HEBBIPOXKIEHHAST, IOCKOJIbKY BEKTOD 2o €CThb eQUHCMGEEHHOE
perienne cucrembl ypashenuii B(Ag, Ag)z = e;. Ecau Bosmymenust MmaTpuiisl Ag 1 qucia
Ao JI0OCTATOYHO MaJbl, To MaTpura B(A, \) Takxke OyneT HEBBIPDOXKIEHHOH (CM. Teopemy b
npe/ibIyIero naparpada), IpuueM 3aeMenThl obpaTHoit Mmarpuisl B~ A, \) cyTh nenpe-
poiBHO fuddepeniupyembie YHKIUNA 9ucia A 1 371eMenToB Marpuiibl A. VIMenno Toyibko
takne A u A MbI OyjieM Terepb pacCMaTPUBATD.

Cucrema ypasuenuii B(A, \)z = e; omnpejensger z Kak HEsBHYIO HEIPEPLIBHO JH(D-
dbepentupyemyto dyukimo aprymento A u A: z(A, \). Torma z(A) = Z(A, )\(A)) ecThb
HenpepbIBHO Tuddepennupyemast (hyHKIMS 31eMeHTOB MaTpuilbl A. OcTaercs mokasarh,
4110 2(A) ecTb COBCTBEHHBIN BEKTOP MATpUIlbl A, COOTBETCTBYIOIMINI COOCTBEHHOMY YIHCITY
A(A). HdeitcrBurenbho, crpokn Marpuiiel A — A\(A)E, HadmHas co BTOPOIi 110 MOCJIEIHIO0,
JIMHETHO HE3aBUCUMBI, T.K. OHU Ke — cTpoKu HeocobenHoit marpursl B(A, A(A)). Ho cama
marpuria A — AM(A)E ocobeHHast, 1 MOITOMY ee TepBasi CTpOKa b0 HyseBasl, Jubo eCTh
JIMHeiHAs KOMOWHAINS OCTaJbHBIX. [lo9TOMY, OyAydn OpTOrOHABHBIM CTPOKAM CO BTO-
poii IO n-10 3TOM MaTpuIbl, BEKTOp 2z(A) OPTOroHAEH U MEPBOi, T.e. €CTh COOCTBEHHBII
BekTop MaTpuibl A. W

Creretb yCTOWYIUBOCTU TIPOCTOrO COOCTBEHHOTO YUC/IA M €r0 COOCTBEHHOTO BEKTODA
3aBUCUT OT BEJMIMHBI UX MPOU3BOJIHBIX 10 demMenTaMm Marpuiibl A. [Tosyuars coorser-
CTBYIOIIKE OIEHKU MBI OYJIEM B IPEJIOJIOKEHUH, 9TO 6C€ COOCTBEHHBIE UUC/Ia MATPHUIIHI
Ay mpocroie.

Nrak, myctb A1, ..., A\, — BCe U IPUTOM paz3judHble COOCTBEHHBIE YHUCJA MATPHUIILI
Ay, #1,--.,%, — COOTBETCTBYIOINE MM COOCTBEHHBbIE BEKTOPHI. KOMILIEKCHO COIpsIZKeH-
HBIE \q,...,\, — COOCTBEHHBIE YNCJIa CONPSKEHHON MaTpHIbl Aj, U IyCTb Y1,...,Yn —

COOTBETCTBYIOIIUE COOCTBEHHBIC BEKTOPBLL. DTHU MOCICIHAE MBI CUUTaeM (PUKCUPOBAHHDI-
MU U B KQ4eCTBe HOPMUPYIOLIEIO YCIOBUS JJIsl BEKTOPA 2 M COOTBETCTBYIOMIEIO BEKTOPA
BO3MYIIIEHHON MATpHIBI BeIOepeM (z,yy) = 1, Tak 910 (2k,y;) = Ok;-.

[Tycts AA — masoe Bosmytenne marputbl Ag, a A\, 1 Az — BBI3BAHHBIE UM BO3MY-
IEHHsT COOCTBEHHBIX IHCEN ¥ BEKTOPOB (B CHUIy HOpMHUpYIOIero yeaosus (Azg, yx) = 0).
Torma

[Mepexons k auddepentmanam (T.e. npenebperas cjaaraeMbIMU TOPSJIKA MAJOCTU BBIIIE
[IEPBOTO), UMEEeM:

(dA)Zk + A(] de = >\k de + d)\kzk (2)
VYMHOXKUM 3TO PaBEHCTBO CKaJIsIPHO Ha Y;:

((dA)z, y;) + (Ao(dzi), y;) = Meldzi, y;) + dNi(2k, ;). (3)

31ech (Ao(dzk),yj) = (dzi, Afyj) = Aj(dzk,y;), Tak 910 (3) MOXKET OLITL HEPEINCAHO B
BUJIE

((dA)zk,y5) = Ak — M) (2, yz) + A2k, Y5)- (4)
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B cuty Hopmupyiomero yeioBust (2x, yx) = 1, mostomy npu j = k paBerctso (4) naer
|dAk] = [ ((dA)zi, yi) | < [[dAl2]|ze]l2]lypll2 = cxlldA].

31ech

|25 |2/l |2
= llzkllellyklle = ———=—
|( k>yk)|

[Tocnennee Boipazkenue B 3Tl (popMmyJie ypo0Hee IPEIbIIYIEro B TOM OTHOIIEHUHN, ITO
OHO HEe CBSI3aHO C HOPMUPYIOIIUM YCJIOBHEM — HAIlMCAHHOE OTHOINEHHE WHBAPUAHTHO OT-
HOCHUTEJILHO 10007 HOPMUPOBKU BEKTOPOB 2k U Y. TUCIIO ¢} HABBIBACTCA K0IPPuyueHnmom
nepexoca MaTpuIbl Ag, COOTBETCTBYIOIINM COOCTBEHHOMY IHCTY Ag. OUeBHIHO, ITO BCETIA
¢k > 1, a st 5pMUTOBBIX MaTpuIl ¢, = 1. MTak, 3a/1a1a HAXOXKIEHUsT TPOCTOTO COOCTBEH-
HOT'O YHCJIa MATPUILI XOPOIIO 00YCJIOBJIEHA, €CJIM TOJIBKO COOTBETCTBYIOIMINN 3TOMY YUCITY
KO DUIUEHT TIepeKoca HEBeJHK.

Obparumcs K cobcrBeHnbIM BekTopaM. Ilpu j # k (2, y;) = 0 u u3 dopmynsr (4)
cleyeT

(dz, y;) = ((dA)zi, y;) /(A — Nj).
Paziozkum BeKTOp dzj), IO BEKTOPaM 2;: dzj, = 22:1 agjzj, agj = (dz,y;). Torma B cumy
HOPMUDYIOIIEro yeaoBust ag, = 0 u ipu j # k

_ (@2, 951 _ [ldAla ]l zl2ly; 12

k| = ,
R o T
OTKYy/1a
ldzll Il &
Idzilla 114, A S G
el 2 DAl 2T

31ech yuaTeHo, uTo air = 0 BBHIY HOPMUPYIOIIETO ycaoBus. VTak, 3a/ada OTbICKAHUS
COOCTBEHHOTO BEKTOPAa, COOTBETCTBYIOIIEIO MTPOCTOMY COOCTBEHHOMY YHUCJIY, XOPOIIO 00Y-
CJIOBJIEHA, €CJIM 3TO COOCTBEHHOE YUCJIO JIOCTATOYHO TAaJIeKO OTCTOUT OT OCTAJIBHBIX COD-
CTBEHHBIX 4HCeTl W BCe KOI(PDUIMEHTHI MTepeKoca HeBeJIWKH. BIpodueM, CyIecTBEHHYIO
POJIb 3/eCh UrpaeT ellle MOPAJIOK 7 MaTPHUIIBL.

B cinydae spMuToBOii MaTpuibl A MOXKHO yKasaTh OIEHKY BO3MYIIEHUS] COOCTBEHHBIX
quceJ1, BbI3BaHHOro BosMmyInenneM AA, eciim AA TakzkKe caMOCOIPsizKeHHAasT MaTpUIa. JTa,
OIIeHKA CBSA3aHA C SKCTPEMAJIbHBIMI CBOMCTBaAMI COOCTBEHHBIX UMCET SPMUTOBBIX MaTPHII.

[Iycts maTpuna A € M, spmutoBa, \; > Ay > -+ > \, — ee cOOCTBEHHBIE UNCTIA,
Z1,..., % — COOTBETICTBYIOINHE COOCTBEHHbIE BEKTOPBI, BLIOPAHHDIE TaK, ITO (2, 2j) = ;.

Teopema 2. CrpaBeyIiBbl DABEHCTBA:
A = max{ (Az,z) | |zl =1,(z,2)=0 mpnj=1,... k—1}

JlokaszaTeysbcTBO. BEKTOp T, yIOBIETBOPSIONINI BHIIUCAHHBIM YCIOBUSIM, PasJjio-
JKUM TI0 BeKTOpaMm z,. Koadduruents: npu z, g v = 1,..., k — 1 oKaxKyTCcsd paBHBIMEI
n n 2 2
HYJTIO, B & = » ' _, (2, upmdeM » ', |y, |* = ||z||5 = 1. [Tosromy

(Azx, x) Z)\ o, |? < )\kz low|? = M.

84



B 10 2Ke BpeMsi BEKTOD zj TaK:Ke yJIOBJIETBOpsieT 3TuM yeaoBuaM u (Azg, zp) = A, B

Beenem dynkmmio aprymentos hy € C™:
wa(hy, ..., hx—1) = max{ (Ax,x) } |zl =1, (x,h;) =0, =1,....k—1}.

Teopema 3 (MunuMaIBLHO-MakcuMaJbHbI puanun Kypanra). CopaBeammBo paBeH-
CTBO

min oa(hi, .. 1) = e = 0al21, -, 26-1).
J

Jloka3zaTesbcTBOo. Bropoe u3 jjoka3biBaeMbIX PABEHCTB cjieryeT u3 TeopeMbl 2. [1o-
sToMy min @4 < \g. [lokaxkem obpaTHOe HepaBeHCTBO. PaccMoTpuM J1jist IIPOU3BOJILHBIX
h; cucremy OJJHOPOJHBIX JMHEHHBIX ypaBHeHNUil

k
> ay(z,h) =0, j=1,... k-1
v=1

Yucno ypaBHEHWIT 371eChb MEHBINE YHUCIa HEM3BECTHBIX, W IOTOMY CHCTEMa 3aBEJIOMO
nMeer HeHyJsieBoe perenne. Ilycts {a,} — HeHymeBoe perenne, HOpPMHPOBAHHOE YCJIO-
Buer Y |ay|? = 1. Tomoxum z = SF_ a2, Torma ||z, = 1, mpu j = 1,... .k —1
(z,hj) = 0, T.K. 9uCIa @, YAOBIETBODAIOT HAIIedl CHCTEMe OJHOPOAHBIX ypDaBHEHHIA, I
(Ax,z) = ij:l || A, > Ag.. Utak, npn miobeix h; oa(hy, ... hg—1) > N W

[* 3ameuanue. AHasornIHbIi MUHIMAIBHO-MAKCHMAJIBHbIH TPUHIIUAI BEPEH TaKKe
JJTsT CAMOCOIPSIZKEHHBIX KOMITAKTHBIX OIIEPATOPOB B TMJILOEPTOBOM TpOCTpaHcTBe. *]

Jlemma. IIycts A, B € M, spmuToBbI MaTpuipl, \i u AP ux cobcrpennpe uncia,
DAaCIIOJIOKEHHBIC B TIOPSIIKE YOBIBAHHS, [i] > +++ > [l — COOCTBEHHDBIC TUCJI& MaTDHIIHI
A+ B. Torma u, < )\f—l—)\f.

Hoxkazarenbcrso. [Iycrs {2} coberBennbie BekTopbl MaTpuipl A. Pacemorpum
MHOKECTBO

M={zeC" | |z]a=1,(x,2)=0 mpuj=1,....k—1}.

ITo Teopeme 2 misi v € M (Az, ) < A\ m (B, z) < A mnoromy ((A+B)z, z) < \H+AE.
Tertepy nmeem

pr =minayp(hy, ... 1) < @arp(z, ..o, 26m1) =
=max{ (A+ B)z,z) | te M} <N+ . 1

CaencrBue. B ycrosusx gemmbl jy, < M\t + || B|| (|| B|| — Jmobast oneparoprast nopma
Marpuisl B).

Teopema 4. Ilycte marpuipl A uw AA spmuToBel mw N\, u N\, + AN, cOOCTBEHHBIE
gnciaa marpur; A m A + AA, pacriosoxkerrabpre B nopsiake yobiBanus. Torma st 0005t
oneparopHoii Hopmbr Marpuil |AN,| < [|AA].

Hokaszarennctso. Cormacto ciencrBuio A\, + AN < A + [|AA]], Tak aro AN, <
|AA||. Ipumvensist To ke crencrue K Matpuiie A = (A+AA)—AA: N, < Ae+AN+||AA]|
u—[[AA <AN. B
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3agaua. [lokazaThb, 9T0 B yCJIOBUSX JIEMMBI Jijisi MATpHIlbl A 1pu jr060M k HalieTcst Takast SPMUTOBA

MaTpUIa B ¢ PasiInuHBIME COBCTBEHHBIME UHCIAME, UTO [ = AS + A5,
) k 1

§4 Metoxa uckJirodenuii Iaycca

MeTompl pelnreHns CUCTEM JIUHEHHBIX YpaBHEHHUI JIeJIITCs Ha MoyHble U UMepamue-
Hole. TOTHBIE METOIBI TIO3BOJISIIOT MTOJIYIUTh PeIeHne CUCTEMbI 38 KOHETHOEe THC/IO aprud-
METHYECKUX ofepaluii (Ipu 9TOM MPEJIIoJAaraeTcs, YT0 T apudMeTHIeCKue OlepaIiin
OCYIIECTBIIAIOTCS TOUHO, 6e3 okpyTyeHuii). MlTepaTuBHbIE METOBI TO3BOJISIIOT TOCTPOUTH
II0CJIeI0BATEIbHOCTh BEKTOPOB, CXOJSIIYIOCsS K perreHnto. B aTtom maparpade paccmar-
puBaercs HamboJjiee yIoTpeOUTeIbHBIN TOUHBI METO/I.

W nest MeTo1a NCKITIOYEHNUST /15T PEIIeHIsT CUCTEMbI JIMHEHHBIX YPABHEHN 3aK/TI0TaeTCs
B ciieyiomieM. V3 mepBoro ypaBHEHUsI IepBasi HEM3BECTHAS BBIPAYXKAETCsT Tepe3 OCTajlb-
HbIEe, 9TO BhIPasKeHUe IMO/ICTABJISIETCA B CJIEAYIONINe YPaBHEHNUsI, M Mbl TIOJIYIAeM CUCTEMY
Ha €IMHUILy MEHBIIEro HOPsIKa OTHOCUTEILHO OCTABIINXCSA HEM3BECTHBIX, ¢ KOTOPOIl 1o-
CTyIIaeM TaK Ke. DTU BBIYHCJICHHUS IIPOIOIKAIOTCA JI0 TeX II0P, IMOKa Mbl HE IMPHUIEM K
OJIHOMY JIMHEHHOMY YPaBHEHHUIO ¢ OJHUM Hen3BeCTHBIM. OIHUIIEeM 9TOT IPOIECC IOAPOOHEe.
[Iycts pemaemasi cucrema n ypapHenwit ectb Axr = y. Pagm HekoToporo emmrOOOpas3mst
KOMITOHEHTBI MaTpuiibl A OymeM 0003HAYATH depel3 a,lgj, a BEKTOpa Yy 9epe3 1), U MyCTh
nckomoe perrerne r = (&1,...,&,).

[lepBblil mAr BLIMUCTIEHHIT 3aKII0YAETCS B TOM, YTO B NPEJIIOJIOKEHUA, ITO aj, # (

MBI IIPH k = 2,...,n U3 ypaBHEHUs ¢ HOMEPOM k OyIeM BBIYUTATH IIEPBOE, YMHOXKEHHOE
_ 1 /.1

Ha ly = a;,/ai;. Torna B moydeHHbIX ypaBHEHHAX KOGDUIHEHTHI TP & OKaXKyTCs

PABHBIMU HYJIIO, ¥ MBI TIOJIYIUM OTHOCHUTEJBHO o, . . ., &, CHCTeMY ypaBHEHM

Gpoba + A =1, k=2,....n.

rae
2 _ 1 1 2 _ 1 1
gy = Gy — laayy, M = M — Ly -

Ecmu a3, # 0, To ¢ 3roit cucremoit (n — 1)-ro ypaBHeHUsI MbI TIOCTYIHM TaK ¥Ke, KaK C
UCXOTHOM. BoobIre ecm MBI yrKe MOTYYMJIA CUCTEMY YpaBHEHUIT

m m M —
akmgm_'_—i_akngn_nk? k_m7"'7n
OTHOCHUTEJIbHO HEU3BECTHDBIX gm, . >€n u amm 7£ 0, TO IIepexod K cucreme ypaBHeHI/H'?'I
OTHOCHUTEJILHO €m+1, . >€n OCYIIECTBJIACTCA 110 (bOpMYJIaM
. .m m m+1l _ m m m+1l _ . m m
lkm - akm/amnw akj - akj - lkmamj7 nk =M. — lkmﬂm?

k=m-+1,...,n.

Borauciienne Ko3hdUIMEHTOB 9TUX CUCTEM Ha3bIBACTCS HPAMBIM XozoM. [l ero ocy-
IIECTBUMOCTH HEOOXOIMMO, YTOOBI Bce KO3MDMOUIMEHTH! a). =~ ObLIN OTIMYHBEI OT HYJIS, U
MBI OyJIeM JiesiaTh Takoe mpemnosioxkenne. [logyans, HakoHerl, oHO ypaBHEHUE C OJHUM
HEU3BeCTHBIM al’, &, = 1, Mbl Haiigem &, = n'/a’ . OcraabHble HEM3BECTHBIE HAXOIATCS
o popMmystam:

Em = (ﬁﬂ—aﬁmﬂfml—"'—aﬁnﬁn)/aﬁma m=n—1n—2,...,1
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DT0 — 0OpaTHBIN XO/I.
Yucsia, BLIYUCIEHHBIE B [TPOIECCE TPSIMOTO XO0JI1a, COCPEJIOTOUYNM B JABYX MATPUIAX

al, aly, al; ... ai, 1 0 0 0
0 a3y a3 ... di, ly 1 0 0
U= 0 0 agg ‘e agn s L= l31 132 1 0
0 0 0 c. azn lnl lng lng c. 1
u BekTope 2 = (C1,Coy .., Co) = (N, M2, ..., n"). Kak BU/IHO U3 MpUBEICHHBIX BbIIe (Hop-

MyJI, P 0OPATHOM XOJIe BEKTOD T MOJIyJaeTcs KaK pelleHne cucTeMbl ypaBHeHnit Uxr = 2
¢ BepxHell TpeyroJibHoit MaTpurneit U.

Ob6paTuMcst K BBIMUC/IEHUIO TIPABBIX YacTell ypaBuenuit. Pekyppentuyto dhopmyity st
IIpaBbIX YacTeil mepenuIneM, 3aMeHUB m Ha m — 1, B Bujie

= = et =00 = leme1Gne1-
Orcrona

gm = ,r]’rlrrrll: = n:)’rl,b_l - lmm—lgm—l == 77:2‘_2 - me—2Cm—2 —_— lmm—lgm—l = e e e

= 7771n - lmlCl - lm2g2 - lmm—lgm—l

nJn
1G4 bnoCo 4 4 bnme1Cme1 4 G = 11,

B steBoit wacTr 9TOr0 paBeHCTBa CTOUT CKAJIIPHOE IPOU3BEICHUE M-0ff CTPOKU MATPUIIBI
L mwa BeKTOp 2, a B MpaBoii — KoOMIoOHeHTa BekTopa ¥. [lostomy Lz =y, LUx = y = Ax.
[ToceiHee paBeHCTBO BBIMIOJIHSAETCS JIJIsT BCeX BEKTOPOB &, 1 motomy A = LU. 1o mnpe-
cTaBjIeHre MaTpUIbl A B BU/ie TPON3BEIeHNs HUKHEH TPeyroIbHOW MaTpuIibl L 1 BepxHeit
tpeyrosbHoit U HaswiBaercs ee LU-pasaoorcenuem nim LU-gaxmopusayueti. Hamomuamm,
YTO YCJIOBHEM IIOJIYYEHHUs] TAKOT'O PA3JIOKEHUs SIBJISIETCA OTJIMYUE OT HYJd YUCeT an, ..
Ha3BIBAEMbBIX 6e0YUUMU INEMEHMAMU.

Nrak, MeTo] MCKIIOYEHUN MOXKET paccMaTpuUBaThbcd Kak mporiecc noctpoenus LU-
PA3JIOZKEHUsT MATPHUIBI A, IpUYIeM MMOCTPOEHNE PelIeHnsl T CBOAUTCA K PENIeHUIO JIBYX
CUCTeM ypaBHeHHil ¢ TpeyroyibubiMu MaTpuniamu: Lz =y u Uxr = z. Matpunst L u U ne
3aBHUCSIT OT BEKTOPa MpaBbIX 4acreil, n 3uanne LU-pasiioxkenuss MaTpuibl A 03BOJISIET
JIOCTATOYHO IIPOCTO PEIIUTH CUCTEMY ypaBHEHUN Axr = y mpum JH0O0M BEKTOpPE ¥ IIyTeM
peIeHust IByX CHCTEM YpaBHEHHII ¢ TPEyroJbHBIMU MATPHUIIAMU — 9TO TPeOyeT MPUMEPHO
TOTO K€ YuCjIa apudMeTHICCKUX Ollepaluil, Kak ec/ii Obl MbI 3HAJIU OOPATHYIO MATPUILY
A~ m menonpzoBam dopmyty © = A~ly, mpmdem mocTpoenue o6paTHONH MATPUIILI TPe-
OyeT CyIIecTBEHHO OOJIBINNX BBIMHC/ICHHI, YeM Bbranciaenne LU-pasioxkeHus, 0COOEHHO
JIJIST MATPHUIL BBICOKOI'O TTOPSAIKA.

Metom B uzioxkeHHO# (hopMe HEIPUMEHUM, €CJIH Ha HEKOTOPOM Iare IpsiMOro XO/a
okazxercd a,., = 0. Ho myoxo m B ToM citydae, ecm BemyIIuil 3JeMeHT ., MaJl 1o ad-
COJTIOTHOM BEJIMYMHE — OH TMOJIYYeH ITyTeM BLIUYUTAHUSA, U €r0 MAJOCTh O3HaYaeT OOBIYHO,
YTO BEJMKA €0 OTHOCUTE/IbHASI MOIPEIIHOCTE (MBI BEJEM CUeT ¢ OKPYIVIEHHEM pe3y/IbTa-
TOB apuMeTHIECKUX JeHCTBHI), a TOrJIa U BCE MOCJIEILYOIIIe PE3YIbTaThl OYIyT UMETh
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MaJIyI0 TOYHOCTH. YTOOBI M30€KaTh 9TOr0, 9aCcTO IPUMEHAIOT [TEPEHYMEepaInio ypaBHEHH
WM HEW3BECTHBIX, WM TOTO U JPYTOro. B ¢BS3HM ¢ 9THM PasindaloT CXeMbl HCK/IIOYCHNUST
HEU3BECTHBIX C BLIOOPOM BEJYIIErO SJIEMEHTA 10 CTPOKE, 110 CTOJIOILY HJIH II0 BCEH MAaTPHIIE.
Ha nepBowm miare B 1lepBOM CJIydae 9TO 03HAYAECT TAKYIO [EPECTAHOBKY YPaBHEHUH, 4TOObI
B [IOJTY ICHHO [TOCJIE IEPECTAHOBKI CUCTEME OKA3asI0Ch |a11| > |ag1| (k= 2,...,n), Bo BTO-
POM — TaKyIO IePEHyMEPAIINIO HEM3BECTHDIX, ITOOBI OKA3aI0Ch |a11| > |ai;| (j =2,...,n),
a B TIOCJIC/THEM — TaKyIO IIePECTAHOBKY YPABHECHUI M IEPEHYMEPAITHIO HEM3BECTHBIX, UTO-
OB ObLTO |a11| > |ag;| (k,7 =1,...,n). IlogobHble mepecTaHOBKY U (WIIH) IEPEHYMEPAITAN
OCYIIECTBJIAIOTC Ha KazKJIOM IIare IpsgMoro Xoja. 3aMeTHM €Ile, YTO eCIU Ha HEKOTOPOM
mare BCe 3JIeMEHTbl HEKOTOPOH CTpOKU MaTpuilbl U 0Ka3ajuch PABHBIMHU HYJIIO, TO 9TO

O3HAvYaeT JUHEHHYIO 3aBUCUMOCTh CTPOK MaTpuilsl A, T.e. det A = 0.
3anayva. Kakoso LU-pa3jioxkenne TpexIuaroHaJIbHON MaTPUIIBI

b1 C1 0 0 0

a9 bg Co 0 0
A= 0 as bg 0 0 ?

0 0 0 ... an by

§5 tepaTuBHBbIE METO/IbI PEIIEHUS CUCTEM
JMHENHBbIX ypaBHEHUI

Memod npocmoti umepayu.
[Iycrh cucrema JTMHEHHBIX aJredOpanvdecKux yYpaBHEHUI 3alncaHa B BHJIE

x=Ax +y. (1)

MeTos1 mpocToii uTeparyy 3aK/II09aeTcs B TOM, YTO, B3siB IIPOU3BOJIbHBIN BEKTOD (HaYAJIb-
HO€e MPUOJIIZKEHNE) Xg, CTPOSIT MOCIEI0BATEILHOCTD BEKTOPOB

Ts = Axs—l +y.

OueBnHO, UTO ecm s — x*, To ¥ — pemenne cucreMsl (1). YegoBuMmces perieHne Cu-
CTeMBI Bcerjia 0bo3navdaTh depes ™.

Teopema 1. /L1571 TOro 9To6bI Ipu JIFOOOM HATATHHOM IIPUOJIHAKCHHH T METOJ] IPOCTOL
HTEpaIN CXOJIHUIICS: Ty — ¥, HeobxomuMo u jgocrarodro yciaosue p(A) < 1.

JlokazaTenbcTBO. U3 paBencts ©* = Ax* + vy, v, = Axs 1 + y cpady xKe clieyer,
qro x5 — 2 = A(xs_y — 2*). Orcroma, no mnnykmun, =° — x* = A%(xy — x*). Ilosromy
TS CXOJIMMOCTH METO/Ia IIPH JIF0OOM HAYAILHOM MTPUO/INKEHUN HEOOXOUMO U JIOCTATOTHO
coorrorrenne A®* — (0, 1 ocTaeTcss BOCIOIB30BaThCst Teopemoit 1 w3 §2 u 106aBUTH, 9TO
pu p(A) < 1 pererne x* cymecrByer u equnctertno. Ml

Sameuanue 1. OTMeTUM CBA3b METO/a UTEPAIUU C PACCMOTPEHHBIM B §2 psIOM
— CYMMOI1 4JIEHOB MATPUYHON reoMeTpudecKoil mporpeccuu. MeTomoM MHIYKIINN JIETKO
OKa3aTbh, 4TO
zy=Afzg+ (E+A+ A+ + A Hy.

[Tpu ycsoBun p(A) < 1 mepBoe ciiaraemMoe B MPaBoil YaCTH 9TOTO PABEHCTBA CTPEMUTCST K
HYJIEBOMY BEKTODY, a BTopoe — K (F — A)™ly = z*.
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Bameuanune 2. B ciayuae p(A) > 1 MeTos urepanuy pacxoauTcs HOYTH IPU JTIEOOOM
BBIOOpE HAYAIBLHOTO TPUOJMKEHUs To. B dgacTHOCTH, ecaum MaTpuiia A mmeer MOJHYIO
cucTeMy COOCTBEHHBIX BEKTODPOB, TO, KAaK JIETKO BUJIETh, METOJI PACXOIUTCS, €CJTH TOJIBKO
IPU Pa3JIOXKEHUU BEKTOpa Ty — X* 10 COOCTBEHHBIM BEKTOpaM MaTpHUIbl A XOTh oxuH
13 KO3 DUIMEHTOB MPU COOCTBEHHBIX BEKTOPaX, OTBEYAOIINX COOCTBEHHBIM UHCIAM A,
TakuM 9710 |A| > 1, oTsindenH or Hyssl.

[Iycrs Teneps B C" 3amana wekoropas HOpMa || - ||, m HOpMBI MaTpuIl HIZKE — 3TO
olepaTOpHbLIC HOPMBI, MOPOKICHHBIC BBEICHOH BEKTOPHOIA.

Teopema 2. Ecin ||A|| < 1, To npm Jrobom HadaabHOM IPHOIMMKCHHN Ty METOJ
HTePALHH CXOJUTCS: Ty — T*, U BBIIOJHSIOTCS OLEHKH:

s — 2| < 1 = oll, (2)
1- ||A||
1A
s = 27| < =7 lles — @oa - (3)
1= 4]
JokaszaTennbcTso. CXoAUMOCTD cieayeT u3 TeopeMsl 1 1 Hepasencrsa p(A) < ||AH
JokazkeM onenky (2). Yaureisast pasenctsa o — 21 = (E — A)zg—yn z* = (E— A)™!

a Takzxe onenky |[(E — A)7'| < 1/(1 — ||A]]), umeem

lzo — 27| < (B = A7 (B = A)wo — yl| <

21 — @ol|,
1= Al
U OCTAETCs BOCIIOIB30BAThCA TeM, UTO Ty — &* = A®(xo — x*).

Hepagencrso (3) meme jieHHO ciieyeT u3 (2), ec/iu NPUHSTH 38 HOBOE HAYAJIbHOE TPHU-
OmKeHne Tg = Ty_1, U Torga 1 = . M

Bameuanue 3. Ouenka (2) gpjsiercss anpuoproti. ITO 3HAIUT, ITO €€ TpaBas IaCTh
MOZKET OBITH BBIUUCIEHA J0 M020, KAK IIOCTPOEHO CAMO MPUOJIMAKEHUE Ty, U OHA NOJIUTCS
JIIsl TOTO, YTOOBI 3apaHee OICHUTD, CKOJILKO ITAaroB METOJA CJIEIYeT CJIeJaTh, YTOObI J10-
6urhest Heobxoaumoit ToanocTr. OtieHka (3) anocmepuopras — ee mpaBas 9aCTh BHIUUCIIsI-
eTcsd, KOTJla s Y2Ke M3BECTHO, I MOXKET CJIYZKHUTh JIJI IPUHATHS PENTeHns O TPeKPaIeHnn
ureparuii, Korja HeoOXouMas TOYHOCTD Y2Ke JIOCTUTHYTa. 3aMETHM OJIHO IPEUMYIIECTBO
oreHKH (3) — OHa OCTAeTCsl BEPHOM, Kakue Obl OMMOKN HU ObLIN JIOMYIIEHbI IPH BBIYUC-
Jennu r; npu j =1,...,5s — 1.

[* 3ameuanue 4. Teopema 2 JIerko epeHOCUTCsT HA CITydail TUHEHHBIX YDABHEHUN B
H6aHAXOBOM IIPOCTPAHCTBE, U 3TO CBA3aHO C U3BECTHOI Teopemoit Banaxa 06 obpatumocTu
ortepatopa I — A, rne A — JuHelHbBIH olepaTop B OAHAXOBOM IIPOCTPAHCTBE, Y/IOBJIETBO-
pstrornuii yesosuio || Al < 1. *]

BaiimeMmcst BOMPOCOM O MPUBEJIEHNN CHCTEeMbI ypaBHeHuil K Bujy (1), ecin mepBoHa-
JaJIbHO OHa 3ajaHa B Buje Bx = z. OcraHOBUMCS Ha JIBYX CIydasix.

1) Iycrs B = {by;} — marpuna ¢ auaroHajbHbIM IpeobianamueM. Torma cucremy
Bx = z moxHO niepenucath B Buje r = Ax + y, re

0 —bia/bi1 ... —bi /by C1/b1y
A= , Y= : (4)
—bp1/bnn —bn2/by, ... 0 Cn/ban
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Ouerniao, 410 ||Al|s < 1, n mOTOMY MeTO UTEpaIyu GyIeT CXOIUTHCA.

2) Ilycte B camoconpsizkenHast MaTpuiia. B3ss o # 0, mpuBeieM CHCTeMy K SKBHBa-
JeHTHOW: ¥ = x — a(Bx — z), Tak yt0 A = E — aB, u 3aiiMeMcst BOIPOCOM O BBIGOpe
a. Ilyerwb pyp — coberpennbie uncia Marpuipl B. Torma cobeTBennble ducia MaTpuibl A
cyTb Ay = 1 —aypy,. Ecim coberBennble dncia MaTpuibl B NMEIOT pa3Hble 3HAKU, TO CPEeIn
A Hafijiercss XoThb ojHO, 6osbiiee euHUIBI. [[osTOMY BBIOOD |MCIIa (v, TAPAHTUPYIONINI
CXOIMMOCTb METO/a UTePaIii, BO3MOXKEH JIMIIL IPHU YCJIOBUH, 9TO BCE [l MMEIOT OJIUH
3HaK. /7151 onpe/iesieHHOCTH Oy/IeM CIUTATh, YTO OHU MOJOKUTETbHBI (TOTIa CAMOCOIIPSI-
JKEHHAs MaTpuiia B Ha3blBaeTCs MOJIOKUTEIbHON), Tak 9To ciepyer Boibparh a > 0.
Mgt 3amnTepecoBanbl B ToM, 9Tobbl HOpMa ||Alls = p(A) = max{aM — 1,1 — am}, tue
m = min ug, M = max j;, OblIa MUHAMAJILHON. DTOMY COOTBETCTBYET BLIOOD (v = Mim,
torga p(A) = %;Z < 1. 3amernm, 4TO eciaH COOCTBEHHBIE UYHC/a 53 MMEIOT CHIbHBII
pasbpoc (M Bo mHOrO pas Goubiie, dem m), 10 p(A) 6iu3ko K 1, ¥ CXOIUMOCTH METO-
Jla UTEpaI MOYKET OKa3aThCdA JOBOJILHO Memaennoi. CoOCTBEeHHbIE YuCIa MaTpUlbl B
OOBIMHO HEH3BECTHBL. JIErKO BUIETD, UTO €C/IH BBIOPATH TUCIO0 o Tak, 910 0 < a < -, T71e
M' — mobast Bepxuss rpanuna s iy (manpumep, M’ = ||B||), To okaxerca p(A) < 1,
1 MEeTOJ| nTeparun OyJIeT CXOINThCS.

Memod 3atidens.

1o — spyroit ureparuBHbI criocob pemenns cucreMbl ypasrenuii (1). Ipesmonara-
eTcs 3a/IaHHBIM HEKOTOPOEe HadaIbHOe IPUOINKEHNE K PEIIeHo Tg. BBegeM obo3HadeHus
JJTsT KOMITIOHEHT TOCJIeyomux npubsmxkennii: xs = (&5, ..., &8). Beraucaurensusie Gop-
MYJIBI METOJIA

s+l a11&§] + ads + -+ aé; +m

st = an &+ agels + -+ 4 a2l + Mo

gi_,_l _ anlgf—l-l 4o+ ann_lfz—l__ll + annéy, + M

Ormane MeToma 3aiiiesist OT MeTO/Ia MPOCTOH UTEPAITMH COCTOUT B TOM, 9TO KaK TOJIBKO
MOJTy9eHO 3HaYeHHEe HEKOTOPOHl KOMIIOHEHTBI OYepEIHOrO ITPUOJIMKEHHS, OHO CPa3y Ke
HAYMHAET UCIIOJIb30BATHCA MIPU BBIYUCICHUH CJIEIYIONNX KOMIIOHEHT TOTO K€ ITPHUOJIMZKe-
uus. B BekTopHoit hopme popMysIibl METO/Ia MOXKHO 3aIUCATD TaK: X1 = Rrs+ Lrgiq+y,
i ()

ayp; Q2 ... Qip 0 0 ce 0
R— 0 Ao2 ... Qopn ’ I = 921 0 0
0 0 oo Qpp Ap1 .. Qpp—1 0

(tak uto A= R+ L), wm x4, = (E — L) 'Rz, + (E — L)'y. Takum o6pazom mpume-
HeHMe MeTojia 3aiifens K cucreme ypapaenuit (1) — 9To To XKe camoe, 4TO IIPUMEHEHIe
MeTo/Ia TIPOCTOl nTepanuu K papHocuibHoil (1) cucreme ypasnennit v = (E — L) 'Rz +
(E — L)™'y, u motomy u3 TeopeMbl 1 cpasy 3Ke BbITEKAET, UTO JJIsl CXOAUMOCTH METOJIa
Baiiens npu J1000M HAaYAJIBHOM TPHUOIMKEHIH Ty HEOOXOIUMO W JIOCTATOYHO HepaBeH-
creo p((E — L)™'R) < 1. D10 ycioBHe TPyJHO IPOBEPATH, M Mbl JOKazKeM HEKOTODBIil
JIOCTATOYHBIH MPU3HAK CXOIUMOCTH, HO CHAYAJIA OTMETHM, YTO U3BECTHBI IPUMEDDI, KOT/Ia
MEeTOJI, IPOCTOI UTepalyu Jijig cucreMbl ypasaenuit (1) cxomurcest, a Meros, 3aiijie/ns Her,
1 HA0OOPOT, KOIJIa CXOAUTCA METOJ 3aiiiesd, HO He CXOAUTCS METOJ, IIPOCTON NTepaliu.
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Teopema 3. Ecin ||Allo < 1, To MeTox Baiiens cxoaurest npu Jro60M HA9AILHOM

IIPUOJI>KEHH.
JHlokasarenbctBo. llpu i =1,2,...,n, cauras 3; = 0, DOI0KIM
i—1 n
6@':Z|aij|a %:Z‘aij|-
j=1 j=t
Torma max;(5; + ;) = ||A|lec < 1 1 KpoMe TOro BBINOJIHSETCSI HEPABEHCTBO
i Yi o Bi(1 — Bi — i)

?@SﬂZ—F%SHAHw, TaK KaK 6i+’yi—1_6i— 1—52' > 0.

U3 dbopmynbl MeTosa caeyer, 9ro * — xg 1 = L(z* — x441) + R(z* — z). Ilycrs Tenepn
HOMED V TakoB, uTo ||2* — 41 1]leo = €5 — 57|, TIpu sTOM

v—1 n
G- =D a,;(6 -+ ayg - &),
j=1 j=v

TaK 9To
2" = Tst1lloe < Bolla” — Totalloo + W ll2” — 2l
2" = zos1floo < nyﬂ 27 = slloo < N[ Alloollz™ = 25l
v
Tax Kak mocie/iHee HEPABEHCTBO BBITIOIHSIETCS IIPK BCEX S, TO JAaJibHeiimee odeBraao. M
Memod Hexpacosa
Ecnn mepponadapHO cucTeMa ypaBHeHWiT 3a/1aHa B Buje Bxr = y, IpudIeM Bce JIuaro-
HaJIbHBIE 3JIEMEHTHI MATPHILl B OTJIMIHBI OT HYJIsl, TO OHA TPUBOIUTCA K By (1), ecn
it A 1y BOCIIONIB30BAThCsT POPMYJIAMHU, aHAJOTHIHBIMU (popMyJiaM (4), KOTOpBIE TIpH-
MEHSJINCH 110 OTHOIIEHWIO K MeTOoy MpocToit nrepamuu. Merosn 3aiigens, mpuMeHeHHbI
K TOJIy9eHHOi TakuM myrem cucreMe (1), HasbBaercs memodom Hekpacosa mjist mexos-
Hoit crcreMbl. TakmM 06pa3oM, KOMIIOHEHTHI creayiomero npuomnkennsa r°T! B MeTome
HekpacoBa HaxomsTcst IO KOMIIOHEHTaM TIPeIBIIYINEero U3 ypaBHEeHMi

bllff—H —|—b12f§ +b13£§ + ... —|—b1n£fl =TT
bn&i™ HboalStTh by ... bl =

bn&5 Abafs Tt AbusEST 4 bt =1,

Teopema 4. Ecjn BbIriosiHeHO XOTsI OBI OJTHO U3 YCJIOBHIT
a) marpuiia B umeer juaronajbHoe mpeobJiajjaHme,
6) marpuiia B moJioxkuTe/IbHO OIpejiesieHa,
To meron HekpacoBa cxomurcest npu JiiobOM HAYAJIBHOM IIPHOJINKEHHH.
HokaszarenbcrBo. B ciydae a) yrBep:KieHne TeOpeMbI HEIIOCPECTBEHHO CJIEyeT
13 TEOpEMBI 3.
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Cayuait 6). [TosoKuTebHO ONpeJIe/IeHHYI0 MAaTPUIly B TpPeJICcTaBuM B BHJE CYMMbI
B =R+ D+ R* (R* — marpuna, conpsizkeHHast R), rie

a1q 0 0 0 a2 ... Qip
D= 0 a9y ... 0 : R— 0 0 ... Qop
0 0 ... apy 0 0O ... O

Torna dopmysibr metona HekpacoBa npuBosiTes K BULY
(D+ R)wgi1 + Rrs =y, 2441 =—(D+R)'Ra,+(D+R) 'y,

U JIJIsl JIOKA3aTeIbCTBA CXOJMMOCTH METO/IA JOCTATOYHO TTOKA3ATh, ITO p((D + R*)‘lR) <
1. IlycTs Terepb A 1 2 cOOCTBEHHOE YUCTIO M COOTBETCTBYIONINN COOCTBEHHDIN BEKTOP STOM
MATPHIIBI, TAK 9TO

Rz=ADz+ ARz = \Bz — \Rz.

Bsenem obosznauenms:
(Bz,2) =p>0, (Dzz2)=d>0, (Rzz)=a+1ib, tak aro (R*z,2) = a — ib.
Torma p = d + 2a, u Tx. (Rz,z) = AN(Bz,2) — A(Rz,2), T0 a +ib = A(p — a — ib). Haiee

a+ib A2 a? + b? a? + b? a® + b?

A= _ _
(p—a)2+b0> a?+b02+pp—2a) a®+b>+pd

< 1.

p—a—ib’

[Tockosbky A J11060€ COOCTBEHHOE YUCTIO, HY?KHOE HEPABEHCTBO JJId CIEKTPAJILHOTO Pa/Iu-
yea p((D + R*)™'R) nokazano. M

Hmepamuenviti memod ¢ 4ebbiuesckumy napamempam

3/102KEeHNI0 MEeTOIa IPEATIONIIEM IIPOCThIE CBEJICHUS O IMIOJUHOMAaX OT Marpuil. ITycTn
nan nommHoM P, € Py Py(\) = ag\? + ayAt + -+ + a,. Beemem obosnauenue: ecsm
A € M, — marpuna, to P,(A) = agAl+a; AT '+ - +a, 1A+a,E € M,. Marpuna P,(A)
006JIaJIaeT CIIeYIOIMUME OUYeBUIHBIMU cBoficTBaMu. Ecmu Marpura A caMoconpsizKeHHas,
t0 TakoBa e u P,(A). Eciim A — coberBenHoe 4nc/io MaTpuibl A, a 2 — COOTBETCTBY IO
cobcTBeHHbIN BeKTOP: A2z = Az, TO

P,(A)z = ap)\iz + A" 2 + -+ - +a,z = P,(\)z,

TaK 4YTO z SIBJIAETCS COOCTBEHHBIM BEKTOpOM Marpuisl Py(A), coorBeTcTByIOMNM COO-
crBennoMy unciay P,()).

Tenepn mnepeiijiem K camomy MeTojly. Kak ObLIO IMOKa3aHO B pasjielie, MOCBANIEHHOM
METOY IPOCTON NTEpaIun, eCau B — MOoJ0KHUTEIbHAS MATPUIA, COOCTBEHHBIC YUCIIa KO-
TOPOii fuy, yoBIeTBOPsIOT HepaseHcTBaM 0 < m < py, < M, ro pu 0 < o < 2/M cxour-
Csl MTEPATUBHBII IPOIIECC PEIIEHUs CUCTEMbI ypaBHenuit Br = 2: x4y = xs — a(Bxgs — 2).
Bosuukaer BOIpoc, HEIB3d U JOOUTHCS JIydIneii CXOIUMOCTH, €CIU NCIIOIb30BaTh Mepe-
MEHHBII Tar (g, & UMEHHO TOJIOKUTh Tsy1 = Ty — as(Bxg — z). Torma

Tgr1 — 2" =1y — 2" —asB(xs — ") = (E — asB)(xs — %),
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n ecJu MBI IIpoJeJjiaeM P TaKuX IIaros, TO

p—1

2y —a" = [[(E - a.B) (20 — 2) = Q,(B) (a0 — a)

s=0

(pw 9TOM 3ammCcKH MbI BOCIIOJIB30BAIUCH T€M, 9TO MaTpullbl (E — agB) KOMMYTHDYIOT).
Brech Qp(A) = [17Z (1 — a,\) ectb mommom crenenn p, Takoit wro Q,(0) = 1. Jlerxo y6e-
JUTHCSA, 9TO €CJIH P = N U B KA4ecTBe [apaMeTpOB Mbl BbIOMpaeM ag = 1/, TO &, = z*:
JTs TI060T0 COOCTBEHHOTO BEKTOPa 2z MarTpuilbl B Q,(B)zs = Qn(us)zs = 0, a oboii
BEKTOP T MOXKHO MPEJICTABUTH KaK JIMHEITHYI0 KOMOMHAIIMIO BEKTOPOB z,. Ho cobGcTBEeHHBIE
YUCIa [L; HAM HEM3BECTHBI, MbI Oy/IeM CYUTATH W3BECTHBIMU JIUIIh UX HUXKHIOI U BEPX-
miofo rpanuier: 0 < m < pg < M. Tlosromy npecraBisercss eCTeCTBEeHHbIM (He3aBUCHMO
OT COOTHOIICHUS MEXKJy P U M) BBIOpATH MapaMeTpPbl (s Tak, ITOOLI IOIHHOM (), OBLI
paBHOMEpHO MaJl Ha BeeM npomexyTke [m, M]. Ho cpenn Beex mosmuoMoB Qy(A) € P,
yaoBieTBopstomux ycsaosuio (,(0) = 1, maumenee ykionsiercst ot mysst xa [m, M| mosm-
noMm YeOnimieBa, "npuBeeHHbIil" K 9TOMY HTPOMEXKYTKY U HOPMUPOBAHHBIN yKa3aHHBIM
ycioBueM (cM. cirectBue 3 B § 1 miepBoit riaBbl):

pr((Q)\—M—m)/(M—m)) L

Qp()‘> = (_1) Tp((M+m)/(M — m)) = !;[1(1 - as>\)'

3aeck oy — 4mcIa, 0OpATHBIE KOPHAM MHOTOUYJIEHA ()

g = M_mt +M+m B
s 2 S 2 )

rie ts = cos %ﬂ' — xopun nosmnaoma Yebbimesa. Marpuna (),(B) caMocompsizKeHHAsL.

Ee cobersennsle auncta pasust Q,(us), mpudem ps € [m, M]. Tlosromy

M+m\1*

QB2 = masx [Qp(14)] < @pliciman = |Ty (T

to Ja€T OLICHKY ITOI'PEITHOCTH:

|20 — 2|2
|2y — 2%l2 < 3
T, (3o

Hamomunwm, gro T, (%jﬁ) He MEHbIIe MOJTYJId 3HAYEHUsI B 9TOW TOYKHU JIFOOOTO TTOJIMHOMA,

CTEICHN P, KOTOPHBIN B ToUKe A\ = () paBeH e/MHHUIIE.

Eciu npu BEIOpaHHOM P TOYHOCTH HPUOINAKEHUST X), HAC He YIOBIETBOPSIET (ITO 00LIU-
HO ObIBACT NP HE CJIUIIKOM OOJIBIIIOM p), TO MPOIECC MPOJIOJKAIOT C IUKJIHICCKIM
[IOBTOPEHNEM IIapaMeTpPOB s. OTMETHM ellfe, 9TO IOPSIOK HyMepAIUd STHX HapaMeT-
pOB He 6Ge3pa3inveH ¢ TOUKH 3PEHUs BIMSHHS JIOMYCKACMBIX B IIPOIECCE CUIeTa OMMOOK
oKpyrieHnst. VI3BecTeH BrosiHe 61aronpusaTHLIN criocod nx mymeparun (em. B.J.Jlebedes,
C.A. Qunozeros).

Bapaua 1. lokasarb, 9T0 IpaBas 9acTh OlEHKH (3) Bcerga He Goblne IpaBoit dactu (2).
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Bagaga 2. [Tokasars, 4yTo B cirydae Meroga upocroit ureparnuu upu p(A) < 1 mo maobbim € > 0 u
HaYaJbHOMY MPUOJIMKEHUIO T( Halimercs: Takas nocrtosgaras Cg, 910

s — 2™ < Celp(A) + €]

§6 OOpairenue maTpuis
ITocTpoutsh Marpuiy D = A™! obpaTHyio 1aHHOM, MOKHO MCIOJIb3Ys METOJ MCKIIO-
yennii ['aycca, OCKOJIBbKY j-ii cTosiber; MaTpuilbl [) eCTh pelleHne CUCTEMbl YpaBHEHHT
Az = e;. Tak Kak Bce 3TH n CHCTeM ypaBHEHHII MMEIOT OJHY U Ty K€ MAaTPHILy KO-
3 OUMIEHTOB U OTIMYAIOTCS JIUITH TPABBIMA YaCTSIMU, TO €CTeCTBEHHO HCIOJIH30BaTh
LU-pasoxkenne marpuiibl A.
[Ipu HAIMYKMU He CAMIIKOM ILoXoro npubsmzxkenns Dy K A™! MoxKHO 115 mocTpoeHns
00paTHON MATPUIILI UCIIO/IH30BATH UTEPATUBHBIIN IIPOIECC

Dsi1 = Dy(2E — AD,). (1)

Crour 06paTuTh BHUMAHUE, YTO 9Ta BBIYUCTUTEIbHAs (hOPMYJIa BIIOJIHE aHAJIOMTIHA (HhOP-
myste Metona Hpioromna (KacaTeIbHbIX) AUl PEMICHns queioBoro ypasaenns 1 —a = 0 (06
3TOM MeETOJe IOHAeT pedb B ClleLyIoleit maBe).

Dopmyiy (1) yaobuo nepenucarh B BUjie

R,=EFE—AD,, D, =D,E+R,), s=0,1,... (2)

Bnecy Ry — 910 Hepst3ka npubmkenus Dy K permennto D ypapaenns AD = E, u ecoun
Dq mocraTouno 6/m3Koe K DD HavabHOE TPHUOIMKEHNE, TO MaTpuiia Ry Oygaer MaJoii.

Teopema. /[jist Toro uTobbl 1pu s — 0o MaTpuisl Dy cxonumuch Kk A~ Heobxommmo
u JocrarovHo BbinoHeHue HepaBeHcrBa p(Ry) < 1. Ecim npu stom™ |Ry|| = g < 1, 1o
BBIITOJIHSIETCST OI[EHKA

s

D, — A <L _|Dl. 3
|| < 1 Dol Q

HoxkaszarenbcTBo. 3amMeTnm mpex;ie Beero, aro eciu p(Ry) < 1, To Torja marpura
E — Ry = AD, neocobennas, a 3uaqnt, ooparuma u A. [Ipeobpasyem dopmyiry mis R, q:

Rey1=E—AD, ., =E—AD,(E+R,) = E — AD, — AD,R, = R, — AD,R, = R.

Orcroma Jierko cienyer, 9to Ry = ROS.

Jokazkem neobxomumocts. Eem Dy, — AL 1o R, — 0. Iockonbky R, = R2", 1o
HepaBeHCTBO p(Ry) < 1 aBasgieTcs it 9T0r0 HEOOXOAUMBIM YCJIOBUEM.

Jokazem jocratounocts u onenky (3). Ecim p(Ry) < 1, o Ry = R2™ — 0F, re.
ADy — Eu D, — A7™'. Eciu ||Ro|| = ¢ < 1, 1o | Rs|| = || R || < [|R|I* = ¢*. Hanee

A =D, =AT'R,, ||AT' =Dy <[ A7M|¢*

*Kak 00bI9HO, cunTaeM 3aJIaHHON HEKOTOPYIO BEKTOPHYIO HOPMY, U MAaTPpUIHAs — OIE€pPATOPHAs, 0-
POKJIEeHHAS 3TOI BEKTOPHOM.

f31ech MBI cepLtaeMcs Ha Teopemy 1 13 §2, B TO BpeMsl KaK IIPU JIOKA3aTeILCTBE HEOOXOMMMOCTH HAM
MIPUXOJINTCS CCHIIATHCS HA J0KA3GMEABCME0 ITOM TEOPEMbI, TOCKOJIBKY MBI IMEEM JEJI0 C nodnocaedosa-
MeALHOCTHIO TOCTIeI0BaTeIbHOCTH 3.
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n OCTaeTCd 3aMETUTL, ITO

ADy=FE — Ry, A= (E—Ry)D;', A™'=Dy(E— Ry)™ ",
A7 < | Dol |(E = Ro) Ml

npuuem |[(E — Ry)™!| < 1%[1 |

Bameganne. Cieayer MOJIePKHYTh, ITO OIEHKa (3) 03HAYACT OUEHDb OBICTPYIO CXO-
JIMOCTB TIporiecca (2).

CaencrBue. Ecin A camoconpsizkeHHAsT HEBBIPOXKIeHHAsT MaTpuiia, To npu Do = oA,
e 0 < a < ﬁ, nporjecc (2) cXomuTest.

HoxkazarenbcrBo. Ecmu A\, — coberBennbie wncia MaTpuilbl A (OHH BelecTBeH-
HbI), TO IIPH YKA3aHHOM BbIOOpe Dy COOCTBEHHBIMU YHUCIaMU MATpUIbl Ry GyayT 1 — a:i.

Bce onmn menbiie 1, a HepaBeHcTBO (o < W rapantupyet, uro ouu oosbiie -1.

CrtesicTBUE TApAHTUPYET CXOAMMOCTD IIPOIECca JJIsi CAMOCOTIPSIKEHHON MAaTPHUIIHI, €CJTI

B34Tb, Hanpumep, Dy = 0 jHQA 1pu JI000i onepaTopHOit HOpME MaTPUIIHI.

§7 Crenennoii meros,

B zajiatde na orbickanne cOOCTBEHHBIX YUCE U BEKTOPOB MATPUIb A pa3ingaior moJi-
HYIO ¥ YACTUYIHYIO TIPO0JIeMy COOCTBEHHBIX 4ncell. B epBoM cirydae Tpebyercs HATH Bce
COOCTBEHHBIE UHC/IA U BEKTOPBI, & BO BTOPOM — OJIHO COOCTBEHHOE UHCJIO (dalle BCEro
MAKCHUMaJIbHOE TI0 MOJLYJII0) U COOTBETCTBYIOMNIHI COOCTBEHHBIN BeKTOP. CTeneHHoil MeTo/
— 9TO METOJI PEelIeHusT YIaCTUIHON TTPOHIEMbI COOCTBEHHBIX YUCET.

Unest meTosia ocHoBaHa Ha aHAJIN3E TOBEJICHUS TOCIEI0BATEILHOCTH BEKTOPOB

yr = Ay = Ayp, (1)

rjie o IPOM3BOJILHO B3ATBIA HEHYJIeBOW BeKTOp. BymeM cumrarh, 9yro MaTpuia A mmeer
IOJIHYIO CHCTEMY COOCTBEHHBIX BEKTOPOB, A; — ee COOCTBeHHBbIC 4HCIa, a 2; — COOTBeT-
CTBYIOIIE COOCTBEHHBIE BEKTODBI, IpudueM |A1| > -+ > |\, |. Ilyctb yo = >0, a2z —

y pbIL, 1IP 1l =2 Z |An|. 1LY Yo j=1%%j
pas3JIoKeHNe BEKTOpa Yo 110 cOOCTBEHHBIM BekTOopaM. Torma

Y = E Oéj)\?Zj = )\If o121 + E )\—j Q251 - (2)
- - 1
Jj=1 j=2

Ocroenoti cayvati

Bynewm ceitqac cantars, 9ro [Ai| > |Aa| (ocHOBHOI ciy4ait) n aTo o # 0 (910 ycsmoBue
OOBIYHO BBINOJIHEHO JIJIsi IPOU3BOJIBHO B3ATOrO o). Torma cymmoii, crosrieil B mpaBoii
gactu (2), npu Gosbimux k MOKHO IpeHeGpedb, U Mbl UMeeM MPUBIIUKEHHOE PABEHCTBO
yr ~ May2;. Ilyers u — HeKOTOpHIt BeKTOP, Takoit uto (z1,u) # 0. [Tomoxmm

ok = (yeou) = M [ai(z,u) + ) A_i (25, u)
=2

Tora, kak BUHO U3 91O dopMysbl, mpu k — 00 @i /@r_1 — A1 1, HoJiee TOrO,
k
A2

Pk _ o (2
Pr-1 A
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Eciu |A1] < 1, TO BEKTOpBI Yy CTpeMsITCs K HyJIeBOMY, a npu || > 1 — K Geckoned-
HOCTHU (110 HOpMeE). DTO OOBIYHO HEYIOOHO, U TIOITOMY Ha KayKJIOM IIare IpOIecca IacTo
OCYIICCTBIIAIOT HEKOTOPYIO HOPMHPOBKY 9THX BEKTOPOB, TaK YTO MPOIECC BBITVISIUT TaK:

Ty,
ok
(xka u)
BeKTopbl Zj, U T}, I 9ACIOBBIMA MHOMKUTE/ISIMA OTINYIAIOTCS OT BEKTOPA Yi: T = Bulk,
U JII BBEJICHHBIX BBIIIC YUCENT () UMEeeM

To =1y, mupu k=0.1,2,... xp = Ty = Axy. (3)

v (ww)  (Agea,u)  (Azpa,u) (Zp, )

Prk—1 (yk—b U) (yk—la U) (!L”k—l, U)

IIOCKOJIBKY (Zg_1,u) = 1, TaK 9TO MPUOJMKEHHs] K A\| U 21 JAOTCst popMyTamu

)\gk) = (T, u), zf = Tp.

BekTop x, Oy/y<n HOPMHUPOBAH YCI0BHEM (T, u) = 1, ¢ TOTHOCTBIO J0 BEKTOPA MOPSIKA
magoctn O((A2/A)F) coBnazaer ¢ coGCTBEHHBIM BEKTOPOM 27, €CIIH IOCJIEIHUIT HOpPMU-
POBAH TEM K€ yCJIOBHEM.

B kadecTBe HOPMUPYIOIIErO BEKTOpa U YA0OHO BbIOMpaTh oaum u3 oproB e;. [locie
HECKOJIBKIX IIIATOB HPOIecca, KOrja HAMETHIACh HEKOTOPas CTaOUIN3aIlist BEKTOPOB T,
11e71eC000Pa3HO B KAUECTBE j B34Th HOMED MAKCHMAJIBHOMN O MOJIYJIIO KOMIIOHEHTDI .

DakTHIeCKN J0Ka3aHa TeOpeMa O CXOMMOCTH METO/a, P (POPMYJIHPOBKE KOTOPOIf
Oy/IyT MCIOJIb30BATHCS BBEJCHHBIEC BBINIE 0003HAYUCHHUsA; KPOME TOTO, MBI GyeM IIPEJIIo-
Jararthb, 9To npu Beex k (yx, u) # 0.

Teopewma. IlycTb BbITOJIHEHBI YCIOBHS:

1) [Ai] > [Aal;

2) (z1,u) = 1 (HOpMHEpYTOILIEE yCIOBHE JJIsI BEKTOPA 21 );
3 ) (03] 7é 0.

. k
Torya onncannbli popmyravu (3) mporece cXoaquTest: )\g ) A1, 2F — 21, npuuem

(k) >\2 g k k k )\2 g
AN =M+0 || = ., o =xa+A8 AL =0 | —
A1 A1

Bameuanune . Eciu B yenoBusix Teopemsl |Ag| > [As], (u,29) # 0 u ay # 0, To
k
XapaKTep CXOIUMOCTH )\g ) K A\ MOJKHO OXapaKTepH30BaTh 60/1ee TOUHO:

A k Y 2k A k
(k) _ Ao A2 A
A _MC(M) 1o (A) +(Al) ,

Aoz, u)

rie

()\2 — )\1)

B A2 041(2‘17U)

HpI/I CAC/IaHHBIX IIPEAIIOJIOZKEHUAX TaKO€ 2K€ YTOYHEHHUE MO2KHO IIOJIYIHUTHL U 11O OTHOIIIE-

HUIO K CXOJUMOCTH BeKTopoB 2 = (CF ... (*) x cobersennomy Bexropy 21 = ((1, - - ., Ca)-
eiicTBuTe/bHO,
k k
A A
k 2 3
Yp = Ay a2 + o <—) ztwg|, |w] =0 <—) )
A A1
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W Tak Kak 2 = T = Y/ (Yr, 1), TO 15 JTIO6OTO BEKTOPa U

Ab [ (21, ) + aa( X/ M )F (22, v) + €11 (Al)k
y Ekj = @) N

(25 v) =
T T o+ a0/ A) ) + 2

Orcro/ia HeTPYIHO YCMOTPETD, UTO

(28 v) = (21,v) + c(v) <;\—i)k+0 <i—i)2k+<i—i’)k ,

B3zaB B KauecTBe v OPTHI: U = €, UMeeM

A A 2k A k
¢-avn (i) o () ()

Memod cxaraprvix npousseederudl.

Ecmu marpuma A camocolpsizKeHHast, TO pacrojarasg BEKTOPaMU Ty, MTOCTPOCHHBIMU
coracHo (3), MOXKHO MOJIYYUTh CYIIECTBEHHO Jiydiiee npubimxkenne K A;. [leiicrBureib-
HO, IIOCKOJIbKY COOCTBEHHBIE BEKTODBI 2, IIOIapPHO OPTOIOHAJIBLHBI, TO

(Yr, Ur) = @3N (21, 21) + Za2)\2k 2, %),

AHAJIOTUIHBI BUJL UMeeT U (Yk, Yk_1), TaK 9TO

2%
YY) 1+ ZJ 27 <A1> i 2 (25, 25)
A1 Vi=\—) T/—=

- 2k—1° :
Yk Yk—1 Py oy 21, 21
( ) 1+2J 274 <)\1) ( )

Takum obpazom

~ > ~, >\ 2k
)\(k) _ (ykayk) _ Exk7$k> — N+ 0O (_2)
VT ki) @emeey) M

eCTb, BOOOIIE TOBOPH, CYIECTBEHHO Jyuiiee npubsmmkenne K Aj, dem A, B atom u co-
CTOUT METOJI CKAJIIPHBIX [POU3BEJICHUN. YIIyUIIUTh STUM METOIOM HPHUOJIIZKEeHNe K co6-
CTBEHHOMY BEKTODY CAMOCOIPSI?KCHHON MATPHUIILI HE YIAeTCH.

Cayuati | Ao| = | M.

OcranoBuMcs KpaTKo Ha ciaydae |Ao| = |A;|, cumrasg mrs mpocrorer Marpuiy A Be-
IIECTBEHHOIT; TOAa W BEKTOPHI Yo M U CCTECTBEHHO CYUTATL BEIIECTBEHHBIME. 113 Beex
BO3MOXKHOCTEI pasbepeM Tpu HamboJIee XapaKTePHbIE.

1) A\; — kpaTHOe COOCTBEHHOE YUCIIO: A = * ++ = Ay, IpudeM || > |A\,41]. Torma

k
Y = A Za32]+ Z Q; (Al) Zil

j=m+1
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k
OTKY/Ia BUJIHO, YTO )\g ) u 2¥ mocrpoenubie o hopmyaM (3), CXOIATCA COOTBETCTBEHHO K

A1 ¥ HEKOTOPOMY U3 COOCTBEHHBIX BEKTOPOB MATPHIIBI A, COOTBETCTBYIONIUX A1, C TOH Ke
OBICTPOTOlH, UYTO YKa3aHa B TEOPEME: O((AmH / Al)k). To obcrosiTeILCTBO, UTO A\ KpATHOE
COOCTBEHHOE YHCJIO, B MIPOIECCE CUeTa 3aMedeHO He OyJieT.

2) A2 = —Aq, |A1] > |A3]. B sTom cayaae

N\ Fk

yr = AV |z 4 (1) gz, + Z a;j )\—] zj
=3

[TosToMy XapaKTepHBIM IMPU3HAKOM, IO KOTOPOMY MBI MOYKEM CY/IUTH, YTO UMeeM JIEJIO C
STUM CJIydaeM, OyJeT OJM30CTh pu OOJIBINX K BEKTOPOB Xj U Xp_o IPHU CYIIECTBEHHOM
OTIMYWUH Tj_1 OT Tp. [Ipubimkenuss K COOCTBEHHBIM YUCIAM M BEKTOPAM MOYKHO BBIMHC-
JINTH 110 bopMy/Iam

, U
(A7) =) = % 2= (e + APy 1), m=1,2.

SaHNMAaTLCS IPEJICTABICHNEM IIPABBIX YacTeil 3TUX (POpMyJI Yepe3 BEKTODPbI Ty U Tj He
oyIeMm.
3) A\ = pe? u Xy = pe~ — KomILIeKCHO conpsyKeHHbIe cOOCTBEHHbIC YUCaa, p > |As).
KTODBI 21 U 29 NMEIOT KOMILIEKCH IPsZKEeHHble KOMIIOHEHTHI. KOJIbKY BEKTODBI
BekTo €I0T KOMIIJIEKCHO CO €HHBbIe KOMIIOHE ITocko €KTO
Yo U U BeIeCTBeHHbIE, TO YHCIa O o(2]_9,u) = rer™ TakkKe KOMILIEKCHO CONPAZKCHBI.
[Tosromy uncita

0

(Y, u) = p [27“ cos(kO + ) + O(()\g/p)k)}

BeJIyT cebs “HenpaBUILHO ', UTO U CJIYXKHUT IPU3HAKOM KOMILIEKCHO COIPSI?KEHHBIX Hau-
OOJIBIITUX 10 MOY/IIO0 COOCTBEHHBIX unces1. Moiy/ib mepBhIX ABYX COOCTBEHHBIX TUCE]T MO-
JKeT OBITH MPUOJIMKEHHO HalijieH 1Mo (hopMyie

2 (yk>u)(yk—2>u) - (yk_l, u)2
(Y—1, 0) (Y—3, 0) — (Y2, u)?’

TaK KaK

(Y u) (Yo, 1) — (Yre1,u)* &
~ p?F24p? [cos(k9 + @) cos((k — 2)0 4 @) — cos*((k — 1)0 + Qp):| —
= —4r%gin’ 0 p2k_2.

[IpuBoauTh hopMyIBI /IJsT BHIYUCTeHNs § He OymeMm.

Memod obpammvix umepavul.

[Iycts mHam Tpebyercd HAlTH HauMeHbwee no Modyat0 COOCTBEHHOE UUCTO N, MAT-
purtet A. Tlockosbky = /\% — HaubOJIbIIee IO MOJIYJIIO COOCTBEHHOE YHUCO MATPHUIILI
B = A~! To MOXHO HaiiTu )\,, IpUMeHsS CTeIleHHOII MeTox K Marpume B. O6pamaThb
MaTpuily A HepannoHaJIbHO, 00Jiee BBITOTHO BBIYUCIATH Ha KayKJIOM Iare BEKTOP ¥k, Pe-
mas cucremy ypaBueHuit Ay, = y,_1. [Ipn permennn stux cucreM MeTOIOM HMCKJIIOYEHUI
caelyeT YIUTBIBATh, UYTO BCE OHU MMEIOT OJHY U Ty 2Ke MaTpPHILy KO3(MPUIMEHTOB, Tak

9YTO €CTEeCTBECHHO BOCIIOJIb30BaTbLCA LU-paBJIO}KeHI/IeM MaTpHUIIbI A.
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B sToM 1 cocTouT mMeros oOpaTHBIX UTePaIuii.

Metor 0OpaTHBIX UTEpaInii MOYKHO IMPUMEHATH I YTOUHEHUS TPOU3BOJILHOTO COO-
CTBEHHOT'O IUCJIa A MaTPUIIBI A, ec/in JI/TsT Hero M3BeCTHO JTOCTATOTHO XOPOITee MPpUOTHKe-
me A9, Crenyer Bocmonb3oBarnest TeM, 9T0 A — A ecrh coberBernoe YncIo MaTPHIbE
B = A — \OF, vunanmansroe o momyimo, ecim A% — xopomree npubmmkenne. Bostee
TOTO, CXOIMMOCTH MeTOIa 0OpaTHBIX mrepanmii mis naxoxaernsas A — A Gymzer B sTom
caydae O4eHb OBICTPOIl.

Bamauga. Ilycrs ama marpumst A A; = pe'®, Ay = pe™ p > |\3|. PaccmoTpes mociemosaTesHOCT

(ykflv u) (yk+27 u) - (ykv u) (ykJrla u)
(Yr—1, ) (Yr+1, ) — (Yr, u)?

Pk =
yKa3aTh CIocob HaxoxkaeHus Re\; CTemeHHbIM METO/IOM B 9TOM CJIydae.

§8. Meroa KpsuioBa

Meron A.H.KpbLioBa — 9T0 MeTOJT peIeHust MoJIHOM poOIeMbl COOCTBEHHBIX UUCE,
OCHOBAHHBIN Ha BHIYUCJICHUN KOIDMUIIMEHTOB XapaKTEPUCTUIECKOTO TOJTMHOMA MATPHUITHI
A. C camoro nadajsia 6y/eM IMpeoaaraTb, 9TO BCe COOCTBEHHBIE YUC/IA ITOH MATPHUIIHI
pa3JInYHbl — B IIPOTUBHOM CJIydae MeTO]I UMeeT HEKOTODPBIC OCJIOXKHEHUS, U OCTAHABJIN-
BaTHCsd HA 3TOM CIIydae MBI He OyIeM.

Metom ocnoBan na paeHctBe Kenu-l'amuabrona: mycThb

Pa(N) = det(A — AE) = (—1)'X" £ puX' "+,
XapaKTePUCTUICCKMIi MOJIuHOM MaTpunbl A, Torma*
P,(A) = (—-1)"A" +p1An_1 + -+ p, E=0.

B ciyuae, korga mMarpuma A mMeeT MOJHYIO CHCTEMY COOCTBEHHBIX BEKTOPOB, 9TO pa-
BCHCTBO JIOKA3bIBACTCSA COBCEM IPOCTO. J[leficTBUTEIBHO, yCTh 2 — COOCTBEHHDINH BEKTOD:
Az = Az. Torna P,(A)z = P,(A)z = 0 (.K. A — coberBennoe 1ncsio). Beuy mosHOTHL
cHUCTEeMBI COOCTBEHHBIX BEKTOPOB U Jyist Jiioboro Bektopa x Oyner P,(A)x = 0, u 3naunt
P,(A) myneBas marpuia.

Ob6patuMcst K MeToy. BosbMeM HPOM3BOILHBI HEHYJICBOI BEKTOD Yo ¥ BBITHCIIUM
BCKTODBI

yk:(nl yeroy Ty

s BbIYMceHunii, pasyMmeercs, UCojb3yercs dpopMmyia y, = Ayg_1. BekTopHoe papen-
crBo P, (A)yo = 0, kotopoe ciieyer u3 paperctso Kemu-I'aMuibTroHa, mepenuieM moKoM-
ITOHEHTHO, TIePEeHecs MTePBOe CJIaraeMoe B MPaBYIO YaCTh:
WU 4t e = (=) g
W o S (1)
P et Onpe = (1)

Bynem paccmarpusarh (1) Kak cucTeMy JHHEHHBIX aareOpandecKuX ypaBHEHHUH OTHOCH-
TeJIbHO KO PUIIMEHTOB XapaKTEePUCTUIECKOTO MOJMHOMAa U KPATKO 3alldIleM ee B BUIE

*BamMernM, 9TO TOJUHOMBI C MATPUIHBIM APTYMEHTOM YK€ PACCMATPUBAJINCH B § 5.
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Yp = (=1)""'y, (marpuna Y u BeKTOp ¥, U3BECTHDLI, HIIETCA BEKTOP P = (P, ..., Pn))-

[Tycrb zj, cobeTBeHHBIE BEKTOPBI MaTpulibl A: Az = Az, (HamoMHEHM, 9TO BCe \g IIPE]I-
_ n

10J1Aral0TCs PAS/IMIHBIME ), U IYCTh Yo = Y ) Q;2j.

Teopema. /L5t Toro urobbr marpuiia Y cucrembl ypapaennii (1) 6blia HEBBIDOXK I€H-
HOI, HeOOXOUMO H JOCTATOYHO ITOOBI IPH Beex j ObLIo o # 0.
,ZL 0 K a 3aT e JIbCcTBO. BBegem obo3HaveHUs I KOMIIOHEHT COOCTBEHHBIX BEKTOPOB

(Cl sy Cn )) U orpejieuM MaTpuilsl Z, A u quaronasnbuyio marpuity D:
A PV | a; ... 0
Z=\|... ... . \.a=|.. ... . |.pD=|... ... ..
W Al 0 ... an

[TockosbKy 31eMeHT k-if CTPOKU U J-TO CTOJIOIa MATPUIILl Y eCcTb

-3 _ Z ay)\zl—jclgu)’
v=1

to Y = ZDA. Marpuiia Z HEBBIPOXKJEHA, ITOCKOJILKY COOCTBEHHDBIE BEKTODPBI 2) JTUHEIHO
HE3aBUCHMBI, MaTpHIla A HEBBIPOXK/IeHa KaK MaTpulia Bangepmonia, a 1y Toro 9Toost D
OBl HEBBIPOXK/IEHHO, HEOOXOIMMO U JIOCTATOYHO, YTOObI Bee KOI(PMUIMEenTsl «; OblIn
oram4ubl OT HyId. W

SBameuanune. Ecim cpenu coOCTBEHHBIX Unces mMarTpunbl A mMeroTcst paBHBIE, TO
det A = 0, Tak aro m det Y = 0. B 3Trom u cocronT ynmomuHaBIIeecs B Hadaje naparpada
3aTPyIHEHNE.

[Iycth KO3 dutmenTsr moaunomMa P, y»Ke BBIYUCIEHDbI, U €ro KOPHU A, — COOCTBEH-
Hble qncia MaTpunbl A — Halimensl. Ob6paTuMcs K HAXOXKJICHUIO COOCTBEHHBIX BEKTOPOB.
[TocTpoum OJIMHOMBI

£ RNV ®
OueBn/tHO, 9TO P,(Lk_)l()\j) =0upuj#ku P,(Lk_)l()\k) = P/ (M) # 0 (Tak KaK A\ — IpoOCThIe
(k)

kopuu nomHoMa P, ). Hostomy P*) (A)z; =P,

Pé’i)l(A)zk = P!(A\)zk. Takum obpazom

(Aj)z; =0 (j # k) u 1o sroit npuanne

P( yO = ZQJP(k = Oékprll()\k)zk = Z

eCThb COOCTBEHHBIN BEKTODP MaTPUIIBI A, COOTBETCTBYIONINIT COOCTBEHHOMY Uncy Ag. Octa-
eTCsl eIle 3aMEeTUTh, YTO

5 (k)

n k
Zk=(—1)"yp—1+ P Yn—2+--- +p£L_)1yo. (2)

*TIpo Takoi BEKTOD Yo WHOTIA TOBOPST, 9TO OH “HAXOAUTCS B OOIIEM TOJOKEHUN OTHOCUTEIHHO MAT-
punpr A”.
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Urak, anmropur™ Meroga KpbiioBa cOCTONT B ClIe/yIOIIeM:

1) BBIGHpaAETC TPOM3BOILHBII HEHYJICBON BEKTOD Yo ¥ CTPOSATCS BEKTOPHI Y = Ayg_1,
k=1,...,n;

2) myTeMm pereHusi cucreMbl ypasHenuil (1) Haxosarcs KodbdUIMeHTh XapakTepu-
cruaeckoro nosmaoma P, (\) marpuier A;

3) cobecTBeHHBIE YHCTa A MATPHUIlbl A HaX0AATCs KaK KOpHU nosjmHoMa P, (\);

4) BBIUUCISIOTCS KOI(DMDUIHEHTHI TOJIMHOMOB Pr(Lk_)l()\) = P,(\) /(A= A\);

5) cobCTBEHHBIE BEKTOPBI Z), BBIYUCAAIOTCS O popmMystam (2).

Ecin onpenenmrens cucrembl ypasmenuil (1) okazajcs HyJIeBBIM, TO 9TO O3HAYACT,
910 Jinbo y Marpuilbl A umeercss KpaTHoe COOCTBEHHOE YHCIIO, JubO BEKTOD Yo BbIOpaH
HEYJIAUHO, ¥ TOTJIA €0 CJIe/IyeT 3aMEeHUTb.

89 Meton fAkobm

B stom maparpade maTpunns OyaeM CIUTATh BEIECTBEHHBIMMU.

Metom AAxobu — 3T0 MeTO, PerIeHust MOJIHOM ITPOOIeMbl COOCTBEHHBIX THCEJT /IS CUM-
METPUYHBIX MaTPHII.

HamomunM HeKOTOpBIE CBeJieHns U3 JuHeiHoit aareopol. Matpuma T HasbiBaeTCst Op-
TOTOHAJILHOM, €CJTU €€ CTOJIOIBI TOITApHO OPTOTOHAJBHBI U CyMMa, KBaJIPATOB 3JIEMEHTOB
KazKJI0ro crojbia pasHa egunuie, T.e. ecan™ 1T'T = E. Ilpoussenenne opToroHaabHBIX
MaTPHI[ eCTh OPTOroHaIbHast MaTpura. Ecin A — cumMerpudHast MaTpuna, a 1 — opToro-
naJbHas, To 1" AT Takzke cUMMETPUYIHAA, U COOCTBEHHBIC YUCJIA STUX MATPUIL COBIIAIAIOT.
Cummerpudnas Marpuiia A MoxkeT ObITH OPTOrOHAIBHBIM IIpeoOpa30BaHIEM IIPUBEICHA K
JINArOHAJILHOMY BHJLY, T.€. CYIIIECTBYET TaKas opToroHajbHast Marpuna 1, auro T'AT = A,
e A — aumaronasbHas MaTpuia. IIlpun 5ToM auaroHa bHBIE 9JIEMEHTHI MATPHUITLI A — cOO-
CTBEHHBIE YHCIa MATPUIBbl A, a cTOJIOIBI MAaTPUIbl 1 — COOTBETCTBYIOIINE COOCTBEHHBIE
BEKTOPHI.

Bsenem obosnadeHus i KBaJpaTHBIX KOpPHEH U3 CyMM KBaJIpaTOB BCEX 3JIEMEHTOB
marpurpl A (Hopmbl @pobennyca) u ee JUATOHATBHBIX JIEMEHTOB:

LA =33, e =3
i=1 j=1 i=1

Torna r?(A) = t?(A) — d*(A) — cymma KBajIpaToB He[MaroHaIbHbIX 3JIeMEHTOB.

Jlemma 1. Eciim A - cummverpuunast marpura, a T — oproronanpuas u B = T' AT,
To t*(B) = t*(A).
HokaszaTennbctso. Ouesnano pasencrso! t2(A) = tr(A?). Ilostomy

t*(B) = tr(B?) = tr(T"ATT'A'T) = tr(T'A’T) = tr(A?) = *(4) A

DJIeMeHTapHON OPTOTrOHAIBHON MaTpHUIell Ha30BEM OPTOTOHAIBHYIO MaTPHUILY Tij(ap)
(i < j), KOTOpasl JIUIIb YEeTHIPbMs 3JIEMEHTAME OTJIMIAETCsl OT eJIUHUYIHON, a MMEHHO
t“’ = tjj = COS @, _tij = tji = S .

*HITpux o3Ha4YaeT TPAHCIOHUPOBAHUE MATPHUIIHI.
ftr(A) — cimex maTpuipl A, cymMMa ee MArOHATLHLIX 3JeMEHTOB, PABHAS CyMMe COOCTBEHHBIX THCET.
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Jlemma 2. Ilycts B = T};(0)ATij(v). Tormga marpuna B jmmb gsyms crombriamu n
JIBYMsI CTPOKaMH € HOMEPAMH © 1 j OTJIHYACTC OT MATPHIBL A (re.mpup #1i,j uv #1,j
oyzer b, = a,,). Kpome toro B =T"(¢) AT (p). 3recs

A (aii @ij)  B= (bii bij) CT(p) = <C9SSO —sin <P)
aji Qjj bji bj; sinp cosp
MATPHIIBI BTOPOT'O IIOPSJIKA.

HoxazateabcTrBo odeBugao. M

Jlemma 3. /st cummerpranoii MaTpuiibl A 1 HHIEKCOB § < j HaleTcs Takod yroJi
¢, aro g marpunpl B = T (p) AT;;(p) oxaxercs b = bj; = 0. Ilpu Taxom BBIGOpE ©

2 2 2 2 2
bi; +bj; = a;; + aj; + 2a;;. (1)
JlokaszaTenbcTBOo. Vcnonb3ys jjeMMy 2, HETPYIHO HOJIYUUTh, YTO PUA ITPOU3BOJIb-

HOM (0

1

bi; = §(ajj — ;i) 8in 2¢ + a;; cos 2¢p.
Ecmn a;; = aj;, TO 10CTATOYHO HOJIOKUTL (0 = T /4, a upu a;; # ajj
2a2‘j
= — arctan .
2 Qg5 — ajj

®opmyia (1) craeayer u3 geMMbl 1, TPUMEHEHHOM K MaTPUIIAM AuB. 1

Meron fxobu cocrour B mocTpoenun mocjempoBareabnoct Marpui] Ag (Ag = A) ¢ Ta-
KM PacYeToM, UTOOBI IPHU OOIBIINX § MATPUILI A, ObLIN OJM3KHM K JHaroHaJIbHBIM, TaK
YTO UX JIMArOHAJIbHBIE 3JIEMEHTHI OJIM3KM K COOCTBEHHBIM vncjaM marpuiibl A. Marpuna
Agq crpoutesa B Bune Az = T1ATy, tne Ty = T;;(¢), uHAEKCH § = iy U j = js HaXo-
JIATCST U3 YCJIOBUS |al(-j)| = max,z, |a£f,,) |, & ¢ = @5 BBIUKCIAETCS (COMIACHO JIEMMe 2) TaK,

1
4TOOBI OKA3AJI0ChH CLS-JF ) = 0. HaHOMHI/IM, qTO KaK/lad CJACeAyIolad MaTpUulla OTIMYIaCTCA

OT IPEIbLIYINE JIUIIb BYMS CTPOKAMU M CTOJIOIAMHU.

Teopema. IIpu s — 00 Bce HeAHMArOHAJIBHBIC 3JIEMEHTHI MATPHI] A, CTpEeMATCs K HyJIIO.

HoxkasaTenbcTBo. Joctarouno mgokazarh, uro 72(A,) — 0. Cornmacuo jemme 3
t2(Asy1) = t2(A,). Bee mmaronasbubie sjeMenThl MaTpuil Agy 1 1 A,, KpoMe JIByX, COBIa-

2
S

naioT, u BBy pasencTa (1) d?(Agq) = d*(A,) + 2 (agj)) , IPUYIEM COIVIACHO BBIOOPY
(s)
ij
HAJILHBIX 3JIEMEHTOB HE MEHbBINE UX CPEJHEro apudMETHIECKOr0), U OTOMY

WHJIEKCOB ig U Jg <a )2 > r2(Ay)/[n(n — 1)] (MakcuMasIbHBIH U3 KBaJpaTOB HeJUaro-
d*(Asi1) = d*(As) +2r°(As) /In(n — 1),
r(Asir) = 2 (As) — d*(Asi) < E(A) — d*(Ay) — 2r*(Ay) /[n(n — 1)] = ¢r*(Ay),

rie ¢ = 1 —2/[n(n —1)] < 1. MerosioM HHIYKINH TEIEPb JEIKO ITOKA3BIBACTCS, UTO
r?(A,) < ¢*r?(A), otkyma u caeayer, uro r2(A,) — 0. W

[Toxkazkem, 9TO AUArOHAJIBLHBIE 3JIEMEHTHI MATPULL Ay CXOIATCA K COOCTBEHHBIM YUCIaM
maTpunbl A. I[lycts Ay > Ay > --- > )\, — cobCTBeHHbBIE YMCIa MATPUILI A, a 3HAYNUT, U
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Ay, u mycrh ugs) > ,ugs) > e > ,u,(f) — JIMaroHaJIbHbIE 9JIEMEHTBI MATpuIlbl A, pacmosio-

JKEHHBIE B IOPSIJIKE YOLIBAHUSI.
CaencrBue. Ilpu s — 0O BBIIOJIHSIETCS COOTHOIIECHHE ,u,(j) — A\p.
JHokaszarenbcrBo. [Ipegcrasum marpuiy A, B Bume A, = A, + R,, tme Ay —
JMaroHaJibHasi MaTpuiia, a y R, Ha riaBHoil auaronau nysau. Ilo mokasamHoil Teopeme

R, — 0. Tak kak ,u,(:) - coOCTBeHHBIE YHUCIa MATPHUILl Ay, TO o Teopeme 4 u3 §3 mpwu

BCexX k| Ap — ,u,(f)| < ||Rsll2 < t(Rs) = 7(As). MBI BOCIIOIB30BAINCH OTMEICHHON B II€p-
BOM Taparpadye OIeHKO! BTOPOil MaTpuvIHON HOPMBI Yepe3 Hopmy Ppobenmyca. Ocraercs
BOCIIOJIB30BAThCS JIOKA3AHHON TeopeMoii, cormacuo kotopoii r(As) — 0 W

Bameuanne. 13 TeopeMpl cieyer CXOAMMOCTb METOa € OBICTPOTOl reoMeTpute-
CKOI1 IIporpeccuu cOo 3HaMeHaTejaeM ¢, OJIM3KUM IIpu OOJIBIIIOM N K equHuIe. B meficTBu-
TEJILHOCTU CXOJMOCTH METO/[a CYIIECTBEHHO OhIcTpee.

Wrak, 3a npubImKeHnst K COOCTBEHHBIM YHCIaM MATpPUIbl A mpuHIMAIOTCS Ipn 60JIb-
IIIOM S IMarOHaJIbHbIE 91eMeHThI MaTpuiibl A, 3a mpub/imkeHns K COOCTBEHHBIM BEKTOPAM
MOXKHO NPHUHATH CTOJIONBI MaTputibl 1175 ... T.

§10 O6 yckopeHum CXOIMMOCTU

[TycTs nMeeTcst CXOISIIAsICA INCI0BAsT TIOCIe0BaTETbHOCTD dy — . YCKOPEHUEM CXO-
JIMOCTH Ha3bIBAETCsI TIOCTPOEHHE JIPYToii mocienoarebaocTr {b, }, KoTOpast cXoauTest K
TOMY 2Ke TIpeJiely a*, HO ObIcTpee, YeM ucxoHasd. /ljasg Toro, 9To0bl 3T0 OBLIO BO3MOXKHO,
MBI JIOJIZKHBI paciojiaraTb HEKOTOPOU JIOMOJHUTEILHON nHpOpMAaIieil O 1oc/Ie0BaTe b
nHoctu {as}. B sTom maparpade OGymeM mpesmosaratb U3BECTHBIM, 9TO {as} CXOMUTCA K
pesesty ¢ OBICTPOTOl ODINEro 4jeHa reOMeTPUIeCKON MPOTPECCHH, T.€. TITO

as = a" 4+ ¢*(c+¢es), (1)

rie ¢ # 0,0 < |q| <1wue; — 0. Hnena a*, ¢ 1 nocae10BaTEIbHOCTD £, HAM HEM3BECTHBI
(moJtyueHne JIydInmx, 9eM g, TPUOIIKEHNIT K a* 1 COCTaBIISIET 11€JIb YCKOPEHUsT CXOIUMO-
CTH), U3BECTEH TOJIHLKO (DaKT CyIIECTBOBAHUSI TAKOTO MpeJIcTaBieHus. dTo Kacaercs ¢, TO
caeyeT pa3andarh JIBa Caydas, KOIJa ¢ M3BECTHO XOTd Obl MPUOIMKEHHO, U HEU3BECT-
mo. [lepBorit cay4ait cBasan ¢ merogom JI.A.JlfocTepHnka ycKopeHUsT CXOIMMOCTH METO/Ia
ATepaluy PelleHnd CUCTEM JIMHEHHbBIX YPaBHEHUN.

Memod Jhocmepruxa.

Urak, HAM U3BECTHO, UTO G5 UMEIOT TIpeJcTaBienue (1), IpuaeM 9ucIo ¢ HaM TakKzKe
usBectHO. U3 (1) cnenyer, uro as —qas_1 = (1 —q)a*+q¢°(es —€5-1), U €CM MBI TOJIOKUM
bs = (as — qas—1)/(1 — q), T0 okaxercs by = a* + l%q q°(es — €5—1), ¥ TAKUM 00OPA30M
(bs —a*)/(as —a*) = Iqu(&ts —€5-1)/(c+¢€5) — 0. D10 U 03HAUAeT, UTO by CXOMUTCA K 0F
obICTpee, YeM ag.

[ToJio2KeHre He U3MEHNTCS, eCJI O, a*, g, ¢, €, MBI OyJeM OHUMATh BeKTopbl. Torna
(1) — BeKTOpHOE paBeHCTBO, U ecyu by crpouth 1o Gopmyie by = (as — qas—1)/(1 — q),
ro k. ||by — @[] < = gl (el + Nles—ill) u llas = a*[| > [al*(llell = [les]]), oxaxercs
lbs — a*||/[las — a*[| — 0.

O6paruMcsa Tenepb K METO/Ly UTePalii /IS PEIICHUsT CUCTeMbl JIMHEHHBIX yPaBHeHMI
r = Ax + y: x4 = Axg + y. CuenaeM npeanosiozkenust: 1) MakCUMAaJIbHOE O MOJLY-
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JIIO COOCTBEHHOE YMCJIO MATPUILI A, MMEIOIEH MOJIHYI0 CHCTEeMY COOCTBEHHBIX BEKTOPOB,
e/TUHCTBEHHO, TakK 9T0 1 > |Ai| > |Ao| > [A3] > -+ > |\,]; 2) upn pasnokennu BeKTOpa
* n
rog— =) =1 (¢jZj 1O COOCTBEHHBIM BEKTOPAM MATPHILbI A a; #0. Torna
. S

n n
j
s — " =A%(xy — ") = E ajNizj = AT | aqz + E aj\ ) &=
j=1 j=2

=Mz + ), el =0,
T.e. TIOCJIeIOBATEHHOCTE {25} uMeer mpejcraierue (1) mpu ¢ = A;. B 10 ke Bpems
Ts— Ty 1 =25 — 2" — (x5 — %) = )\f_l(()\l — Dagz; + Mes — 53_1),
OTKYJIa BUJIHO, YTO €CJIM JIjisl HEKOTOPOro BekTopa u (z1,u) # 0, TO

(xs — Ts-1, U)

(xs—l — Ts5—2, u)

)\58) = - >\17

S
1 MOYKHO TIpU OOJIBINNAX S 3aMEHUTb ¢ = A Ha )\g ) (B CyNTHOCTH MBI IPUMEHUJIN JIJIsT Ha-
XOK/IeHVsT TPUO/IMZKEHNsT K A1 CTerenHoi Meton). B sT1om u cocrout mero JIroctepauka,
UMEIOIIII BBIYUCINTEIbHBIE (DOPMYJIbL:

)\gs) _ (xs — x5 1,u) oW Az _ 1 Al

3 s Ls — LTs—1-
(T5-1 — 5-2,u) 1- AW 1A 1

BekTop I, BoobIe ToBops, 6utizke K 2*, 1eM x,. Meros ocobento addexrturen, ecan ||
CYIIECTBEHHO GOJIbINe, deM |Ag|.

§%-npouecc Diimxrena.

Paccmorpum Bropoii cirydaii, Korja B mpejctaBieHun (1) 4ucsioBoil mocsie10BaTe b
HocT KodpdunuenT ¢ HaMm HeussecTeH. [IpeneOperasd MasbIMH cilaraeMbIMu €, Oyjem
HAXOJIUTh by M3 CHCTEMBI YpaBHEHUI OTHOCUTENBHO by, € 1 ¢

As—1 = bs + Cqs_l

as=  bs+cqg® . (2)
a8+1 — bs _I_ Cqs—l-l
Cucrema, JIErKO PeIIaeTcs:
As41 Qg
Qg1 — G b, — as — qas—1 Qs As—1
= b= = 5 :
Qs — Qs—1 —dq Qg1 — 240 + As—1

[Mocnenusisi popmysia u TpuUMeHsIeTCs /sl BbIYUCTCHUS by.

Jlemma. Ilpu j1r060M @ BBIIOJIHSIETCS PABEHCTBO

Gs41 — G Qs — @
s — @ Qg_1—Q

As41 — 2(1,5 + as—1
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JlokaszaTe/bCTBO MOXKHO IIPOBECTU HEITOCPEICTBEHHBIM BBITHCICHUEM, HO OHO CJIe-
JIyeT TaKyKe U3 TOTO, YTO IPU TeX JKe ¢ U ¢ IUCJI0 by — a yIoBJIeTBOpseT paBeHcTBaM (2),
€CJIM U3 UX JIeBbIX dacTeil Beraectb a. M

[Tpu BBIYHCIEHUSIX UCHIOIB3YIOT UMEHHO GopMy.ty (3), BIOUpast a GJIU3KUM K dg, ITO-
OBl M30€eKaTh CyIIECTBEHHOTO BJIMAHUS ONINOOK OKPYTIJIEHUS B NPOW3BEIEHUAX ITPHU BbI-
YUCJIEHUN OIpeJennTess. B 9acTHOCTH, €Ciu MOJI0XKUTD G = (g, TO

(CLS+1 - as)(as—l - as>.

bs = as +
Qg1 — 2as +as1

JIJ1s oc/IeI0BaTEIbHOCTEN PACCMATPUBAEMOr0 BUJIA MIOCIE0BATEIBHOCTD { by} cxomuTes
K a* ObicTpee, deM {ag}:
Teopema. Ecmn 0 < |g| <1 umc#0, 1o
by —a*

as — a*

— 0.

Hokazarenbcrso. Ucnonssys st by dbopmyny (3) npu a = a*, nmeem

qs+1(c+58+1) q°(c+es)
B ¢let+e) ¢ Hetes) B
et et ean) —2¢%(cte) H ¢ et e)
s Cesp1 +Esm1 —28,) +egpiEs1 — €2 e
gletean) —2(c+e) +ictey) Q.

S

Baech e, — 01 Q —>c<q—2+%) = g(l—q)27£0. [TosTonmy

by — a* €

= —
as —a*  (c+e5)Qs

0. |

Bamewanume. Kak BUIHO U3 JIOKA3aTEIBLCTBA, HOPAJOK CXOJMUMOCTH by K a* Ompejie-
nstercst popmyioit by — a* = O(g°(|es] + |esta] + |es—1]))-

BernoMHuM CTENeHHO METO HAXOXKICHUST MAKCUMAIBHOTO 10 MOJLYJII0 COOCTBEHHOTO
uncna marpunsl A. Kax 6110 mokasano B § 7, IpH COOTBETCTBYIONHX MPEIONIOKEHUAX

)\ s >\ 2s )\ s
(s) _ 2 22 23 =
A _MC(M) Lo (A) +(Al)
B >\2 s >\2 s >\3 s
e (5) (o) < ()

Wrak, nmpu TexX yCIOBUSX, KOTOPbIE YKa3aHbI B § 7, TOCIEI0BATEIHHOCTD {A@} HIpUHA/IJTE-
JKAT K TOMY KJIAcCy IOCJIeI0BATEILHOCTEH, IPUMeHenne K KOTOPLIM 02-IIpoIiecca, I03B0-
JIZeT TMOJIYIUTh yCKopeHue ux cxomumocTu. llocienoBaresbHOCTH {u&s)}, oIy IeHHAsT U3
{A7} 1M MeTOmOM, cxomuTes K A OBICTpee, IPUYeM, COTIACHO 3aMeYaHHUIo,

2s s
(s) Ao A3
o\ = A2 A3

& 1 =0 <A1> " (Al)
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d%-mporiecc TPUMEHNM W K METOJY CKAJIAPHBIX IIPOM3BEICHMII B CIydac CaMOCOIPS-
JKeHHOI MaTpuipbl A, a TakyKe K yTOUYHEHHIO COOCTBEHHBIX BEKTOPOB X4, TIOJTyIeHHBIX CTe-
IIEHHBIM METOJ/I0M; B TIOCJIeTHEM C/Iydae Peyb UJeT O MOKOMIIOHEHTHOM ITPUMEHEHUHN 3TOI0
Meroga. OcTaHaBINBATHCS HA MOAPOOHOCTIX He OyIeM.

Bamaga. OnpenesnTsb GBICTPOTY CXOANMOCTH IIOJIYUEHHON C IIOMOIIBIO §2-IIPOIECcCca TIOCIIeI0BATE b

HOCTU NIPUOJIMKEHMI K A} B CJIydae MeTOa CKAJISAPHBIX IIPOU3BE/IEHUI.
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