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1 Introduction

An important issue in a number fields of science is prediction or forecasting of
time series. It is widely applied from economics to speech recognition. In all
cases the accurate prediction is required.

For effective putting together the forecast it is essential to analyse how pre-
vious values of time series influence future values:

∙ identify fitting model for different time series;

∙ set optimal set of data for prediction, etc.

One of similar subproblems is analysis of autocorrelation function. More pre-
cisely, time series ’memory’ research using autocorrelation function.

2 Autocorrealtion function

The aim of this work is to extract any information about presence of periodicity,
identify the missing fundamental frequency, based on values of autocorrelation
function.

The autocorrelation function describes the correlation between values of the
random processes of the same time series at different lags. Let𝑋 be some repeat-
able process, and 𝑖 be some point in time after the start of that process. Then
𝑋𝑖 is the value of the process at time 𝑖. Suppose that the process has known
values for mean 𝜇 and variance 𝜎2. Then the definition of the autocorrelation
of lag 𝑠 for any value of 𝑡 is

𝜌(𝑘) =
𝐸((𝑋𝑡 − 𝜇)(𝑋𝑡+𝑘 − 𝜇))

𝜎2

Obviously, 𝜌(0) = 1. It is, also, an even function (𝜌(𝑘) = 𝜌(−𝑘)). Since that
fact, autocorrelation function is symmetric about zero.

However, theoretical autocorrelation function cannot be applied in practice.
In c̃itebox given next simple estimations of mean 𝜇 and autocorrelation. Suppose
that we have time time series 𝑧1, 𝑧2, . . . , 𝑧𝑁 of 𝑁 observations. Then the mean
𝜇 is estimated as 𝑧 =

∑︀𝑛
𝑖=1 𝑧𝑡/𝑁 . And estimation of the 𝑘th lag autocorrelation

𝜌(𝑘) is

𝑟𝑘 =
𝑐𝑘
𝑐0

where

𝑐𝑘 =
1

𝑁

𝑁−𝑘∑︁
𝑡=1

(𝑧𝑡 − 𝑧)(𝑧𝑡+𝑘 − 𝑧) 𝑘 = 0, 1, 2, . . . ,𝐾

.
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3 Data and methodology

Before applying any methods of identifying ’memory’ to time series with un-
known parameters it is necessary to test them on standard time series. In this
work 3 types of standard time series were considered:

1. Base time series (’memoryless’ Markov process). Time series values are
obtained as 𝑈(𝑛) = exp(𝑎) * 𝑈(𝑛 − 1), where 𝑎 is normally distributed
random variable with mean 𝜇 = 0

2. Time series with ’short memory’. Values are obtained as
𝑈(𝑛) = exp(𝑏*𝑎)*𝑈(𝑛−1), where 𝑎 is the same and 𝑏 is random variable
taking one of two values: +1 and -1:

(a) Persistent process: 𝑃 (𝑏 = +1) > 𝑃 (𝑏 = −1)

(b) Antipersistent process: 𝑃 (𝑏 = +1) < 𝑃 (𝑏 = −1)

3. Time series with ’heavy memory’. Time series is built with the base time
series formula in which, for example, first thousand values the normally
distributed random variable with positive mean is taken and for the next
thousand values — with negative mean. Then this process can be repeated
infinitely.

Each of these time series was programmed with library <random> of c++11
standard. In each case, 50000 and 10000 subsequent values of time series and
autocorrelation, respectively, were obtained 3 times. Actually, since 𝑟0 = 1,
only 9999 (𝑟1, . . . , 𝑟9999) values were considered. Used next parameters for pro-
gramming:

1. Markov process: 𝜎(𝑎)2 = 3

2. Persistent process: 𝜎(𝑎)2 = 3 and 𝑃 (𝑏 = +1) = 0.7

3. Antipersistent process: 𝜎(𝑎)2 = 3 and 𝑃 (𝑏 = −1) = 0.2

4. Time series with ’heavy memory’: for each thousand of values normally
distributed random variables with random mean and 𝜎2 = 3 were taken;
mean 𝜇 takes values ±1,±2

2(x3) charts for each of time series were built based on 9999 and 100 first values
of autocorrelation function. All charts are provided at Appendix.

4 Interpretation of results

As can be seen from charts, there are features for each of standard time series.
Most of values of autocorrelation function are negative and close to zero. At
the same time, all peak values differs significantly from 0. However, any cycles,
periods or fluctuations are not found.
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5 Conclusion

This work has been aimed to find link between autocorrelation function and
of time series. It had to get information about time series ’memory’ from au-
tocorrelation. Nevertheless, no positive results were obtained on 3 types of
standard time series considered. Therefore, the further research for wider range
of different data is necessary.
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A Appendix. Charts
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Figure 1: Autocorrelation of Markov process 1

Figure 2: First 100 values of chart in Figure 1
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Figure 3: Autocorrelation for Markov process 2

Figure 4: First 100 values of chart in Figure 3
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Figure 5: Autocorrelation of Markov process 3

Figure 6: First 100 values of chart in Figure 5

7



Figure 7: Autocorrelation of Persistent process 1

Figure 8: First 100 values of chart in Figure 7
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Figure 9: Autocorrelation of Persistent process 2

Figure 10: First 100 values of chart in Figure 9
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Figure 11: Autocorrelation of Persistent process 3

Figure 12: First 100 values of chart in Figure 11
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Figure 13: Autocorrelation of Antipersistent process 1

Figure 14: First 100 values of chart in Figure 13
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Figure 15: Autocorrelation of Antipersistent process 2

Figure 16: First 100 values of chart in Figure 15
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Figure 17: Autocorrelation of Antipersistent process 3

Figure 18: First 100 values of chart in Figure 17

13



Figure 19: Autocorrelation of process with ’heavy memory’ 1

Figure 20: First 100 values of chart in Figure 19
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Figure 21: Autocorrelation of process with ’heavy memory’ 2

Figure 22: First 100 values of chart in Figure 21
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Figure 23: Autocorrelation of process with ’heavy memory’ 3

Figure 24: First 100 values of chart in Figure 23
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