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� '+%-)+%-d9)+%-u&< {b[�{ 5D'86*79}V,D%E��`E7¶a»5D7=C35.,EC8} <A79,-5.@*7?`D,D%Á4_5D7=}
/æ'8)35.6bvw,E< p <�	
C868@g6µ5Ez.7�2>� p %-<9`E7�ag79,E< p <=C*6*<�`-<95.)3<0^$} Z 4µ`-<95.)3<0^�< Z ′ [ �»'+%-)+%-d9)+%-u&< {>[ � u�5.)>	
^�20;�6*)32D<9`E7�aR;8<w^�^�% Z � 5.79C35.,EC+%qa�;8<0^�^�%.��QB7?5 p <=).�(%-�(%qa p 5D7?`B%B`-5.F*C*5E< 2.7�;+5D,E6*<�C+%
'87?<=, p 5D`E)+%B<=4*`-5D)868��Q.'*)86K4_5E`-5.)35_^À;��·z_%qaK5D)*zD6*`q%q;��EC*5�5E`E7?;8<?�l68,D%E�U�I%qaK<=< `E)8%q	
<w43`-5.)*63aA;8<?�l6*`µC8%j2_7?`-5D@8F86*,E5.^ � 63;�6�C3<92.7?`-5.@*F86*,E5.^���^$C35.d?5E5DzD)+%qvw686Ad96*'*<=)*zE5-	
;�68F3<=7=4.5.@�'3<=)86*5 p 6*F*<=794_5.@l`-5DF8486 [ ��'8%E)8%Ed9)8%Eu�< {>[ ] '*5D4b%Bv0%-C*58Q_F*`-5 p 5D4b%Bv0%B`E<?;+�B	
79`E,-5�`-<95.)3<w^�}»7=,-5 p 6*`E7�a�4 p ,-2*^Å7�;823F8%Ba+^Å6�)8%Bv=zD68)8%-<9`E7�a�7�;*23F+%-@ �WV Z � [ ��'8%E)8%q	
d=)8%Eu�< {>[�ç p 5D4b%Bv0%-C8}�,E7='35_^�5Dd�%B`-<?;��EC8} <U;+<w^�^$}Õ5(79,-5.@*79`E,D%q/�7 p ,E68d�%(��<=)*C320;8;�6tQ
4_5D`-5D)8} <U2b`D,-<=).� p %E��`qQ3F*`-5R<=7?;+6�C*<=4_5E`E5D)+%qa¿'35.7�;+< p 5.,D%-`-<?;��EC*5D7?`E�R7?5 p <=).�l63`IC*<
7?;+68~R4_5.^¢^�%B;85²Cb2q;8<w@�'35 p ).a p Q�`-5o<=<¿`E)+%B<=4*`-5D)863a:C*<g'35.'8% p %-<9`o,�5.'*)*< p <?;+<=C>	
C8} <²5Dz-;�%-7?`D6 [ � '+%-)+%-d9)+%-u&< {>[X� )+%qv=z.6*)+%B<=`E7¶aM7�;823F8%E@ �WV { ��7À`E5DF8C35.7?`E�E� p 5
;+<w^�^�} � Q>4_5E`E5D)+%qa¿'*5-v0,-5-;8a*<=`�'35.7?`E)*5D6*`E�('*7?<w, p 5E`E)+%B<w43`-5.)*68�´7UC*<95Ezw/.5 p 6+^$}V^�6
7=,-5D@87?`E,.%E^$6 [ ��5.4>%Bv0%B`E<?;+�D7?`E,-2�;+<w^�^$} � '35.79,Ba+��<=Cg'+%-)+%-d9)+%-u {>[��>[

��`E)*<9`E�E<=@Ád�;�%E,-<K63v923F8%E��`E7¶aÁ'*<=)8635 p 6*F*<=794863<j7=,-5D@87?`E,.%¿5E`D7�;8<9�j68,D%EC*63aÅ6
6b/179,Ba*vw�(7?5l7?`E)32343`-23)*C*5.@12.79`-5D@8F86*,E5D7?`E�D� [



�

��2_7?`E�
f
ù d?5.^�<=5.^�5.)*u�6bvq^Å^�<9`E)86*F*<=794_5.d?5�'*)*5D79`E)+%-C87?`E,D%

(M,
Ê*ÍôÆ�î

)
[ ��)8%q	

zD5E`-<�¼ �q½ p %B<9`E7�ag5.'*)*< p <?;+<=C*6*<�'*<=)8635 p 68F*<=794_5Dd?5l79,-5.@*79`E,D%(5E`D7�;8<9�j68,D%EC*63a [
��2 p <w^�d95D,-5.)*6*`E�8Q8F*`-5 p ;*acd?5_^�<95.^�5.)*u�63v0^�% f

,E}�'*5-;�C3a*<9`E7�a 
"�Y�/!����6!-C'�1�OZ
�[�0�;�+�0��#/�O�P�0�\�����	*/�435!"�0�6.-!�7 & Ò=ï $ Ç@]_^-`�a�bdc�e6bdfhgNi�j�e�c0kLbmlEn;^/a cN^-`�a1oWpOqqQ8<=7�;�6 p ;8a
;���zE5.d?5j'35E;850�l63`E<?;��EC*5Dd?5

ε
7?23��<=79`E,B2D<=`I`q%E4.5D<�'*5-;+5w�l6*`-<?;��EC*5E<

d
Q8F3`E5 p ;8aµ;+�V	

zD5D@#'3<=)86*5 p 6*F*<=794_5.@ d
	x'*79<=, p 5E`E)+%B<w43`-5.)*686 ξ

C+%-@ p <9`D7¶a´`B%-4b%qaß'*<=)8635 p 68F*<=794b%qa
`E5DF84>%

q
Q8F*`-5�,D}�'*5-;�Cba8<9`E7�ac7?5E5D`EC35.~�<=C86*<

Ê8ÍÏÆ�î
(xk, f

k(q)) < ε
'8)*6

k ∈ Z.

��2 p <w^�d?5.,-5D)86*`E�*Q�F*`-5 p ;8a²d?5_^�<95.^$5D)8u&63v0^�% f
,D}�'*5-;�Cba8<9`E7¶a *'!'
-rs!-t)���0�


"�Y�/!/����!-C'�1�1�?�0�s�+���+#/�O�P�0�u�+���	*/�435!"�0�6.-!�7wv ÍÏë & Òwï $ Ç B <=7�;�6�7�23��<w7?`E,B23��`�`B%-4863<
'*5-;+50�j6*`E<?;+�DC*}�<�F86*7�;�%

L
6

d0

Q�F3`-5 p ;*ao;+��zD5D@²'*<=)8635 p 6*F*<=794_5D@ d
	x'87?<=, p 5E`D)8%q	

<w43`-5.)*686�7
d ≤ d0

C+%-@ p <9`D7¶a�`B%-4b%qa�'*<=)8635 p 68F*<=794b%qa�`-5.F*4b% q
Q�F3`E5¿,E}V'35E;+C3a*<=`E7¶a

795E5E`DC35.~�<=C863<
Ê*ÍôÆ�î

(xk, f
k(q)) ≤ Ld

'*)86
k ∈ Z.

�W)86�63v923F*<=C86*6�79,E5D@87?`E,�5D`E7�;+<?�l6*,.%-C86ba p 68u�u�<95_^�5D)8u&63v0^�5.,·d�;�% p 4*6b/�v0%D^|	
48C32b`E}
/ ^$C*5Dd?5D5EzD)+%qv06*@ 5 p C868^ 6bvß,D%B�jC8}
/ '35 p /_5 p 5D, a8,-;*a8<9`E7¶a '*<=)*<�/.5 p 4

C1
	x,EC32b`E)3<wC*C*5D7?`wa+^ [ ��2 p <w^´5DzE5EvwC8%0F+%B`E�ÀF*<=)3<9vx�øÎ.î

1(P )
,EC32b`E)*<=C8C35.7?`E�oC*<=4_5E`E5B	

)*5Dd95�'35 p ^$C35E�R<=7?`D,D% P
^$C*50�R<=7?`E,.% p 68u&u&<95.^�5.)*u�63v0^�5D,¿d¶;�% p 4.5.d?5jv0%D^$4*C32b`-5.d?5

^�C35.d?5E5DzD)+%qvw63a
M

5D`EC*5D796*`-<?;��EC*5
C1
	Â`-5.'35E;85.d96*6 [ �&%-4Å5DzD}�F8C*58Q�zE2 p <w^�5DzE5EvwC8%q	

F+%B`D�ÀF*<=)3<9v
ΩS

^$C350�R<=79`E,-5
Ω
	ø2_7?`-5D@8F86*,D}
/ p 6*u�u&<95.^�5.)*u�63v0^�5D, [ � p 68797?<=)*`q%q	

r8686¢'*<=)*<=F86*7�;8a8��`D7¶a�6bvw,E<=7?`EC8} <:)3<?v=20;��w`B%B`E} 5Ä/b%-)+%-4*`-<=)86bv0%Er*686�)+%qv=;+68F*C8}
/
7=,-5D@87?`E,æ5E`E7�;+<?�l68,D%-C863a#,:`-<w)8^$68C+%0/�`-<95.)*686#7?`E)32343`B23)8C*5.@�2_7?`-5.@*F86*,E5D7?`D6 [ �
`D)3<9`D�-<=@�d¶;�%-,-< p 5D4b%qvw}V,D%-<9`E7¶aPQ+F*`-5 C1

	Â,DCb2b`D)3<=C8C*5D7?`E�µ^$C*5-�R<=7?`D,D% p 68u&u&<95_^�5D)b	
u�63v0^�5D,8QP5EzE;�% p %E�U�R6b/Á'*<=)8635 p 6*F*<=794868^´79,E5D@87?`E,E5.^M5D`E7�;+<?�l6*,.%-C86baPQ�7?5.,E'+% p %B<9`
7j^$C*5w�R<w7?`E,-5_^

Ω
	¾2.7?`-5.@*F868,E}
/ p 68u�u�<95_^�5D)8u&63v0^�5., [ �W`.^�<9`E6+^ QPF3`E5c7�23�R<=7?`E,-2_	

��`lC3<
Ω
	ø2_7?`-5.@*F86*,D} < p 68u&u&<95.^$5D)8u&63v0^$}&Q+5EzE;�% p %E���I6*<�'*<=)*6*5 p 68F3<w794*6+^¸79,E5D@b	

79`E,-5_^c5D`E7�;+<?�l6*,.%-C86ba [ �À`D)3<9`D�-<=@Id¶;�%-,E<�`q%E4b�R< p 5.4>%Bvw}�,.%B<9`D7¶a�º=48,E68,D%B;8<wC3`EC*5D79`E�
7=,-5D@87?`E,.%

Ω
	¾2.7?`-5.@*F868,-5D79`E6Å6À;�6*'8~R68r*<=,D%1'3<=)86*5 p 6*F*<=794_5.d?5179,E5D@87?`E,.%µ5E`E7�;+<?�l6b	

,.%-C86ba [ �¦%-486+^Ä5Ez.)8%Bv=5.^�Q�5.79C35.,EC*5D@�)*<?v92q;+�0`q%-`¿`E)*<9`E�-<w@Àd�;�%E,E}¢^�50�jC*5g79u&5D)+^¦2_	



Z=Y

;�68)35.,D%B`D�j`q%E4t�
h�®>¬�×�®>¯&¨ yP±{z �	*'! M | }~*��6�6�?��� M��+K���. < ���0� K�./�6}N�6�6(	����M0!"�4B ����¾ÎDî

1( & Ò=ï $Q& ) = v ÍÏë & Ò=ï $'& = ΩS R
�À'+%-)+%-d9)+%-u&< �3[ôZ p 5D4b%Bvw}�,D%-<9`E7�a�QwF*`-5�^�C350�R<=7?`E,E5 Ω 	¾2.7?`E5D@8F*68,E}�/ p 68u�u�<95-	

^$5D)8u&63v0^�5.,�a8,-;*a8<9`E7�a�'*5 p ^$C*5w�R<=79`E,-5_^�^$C*5-�R<=79`E,D% p 68u&u&<95.^$5D)8u&63v0^�5.,*Qb5Dz-;�%0	
p %-�U�I6>/(;�68'*~I6*r*<=,E}·^Á'*<=)*6*5 p 68F*<=794868^Á79,E5D@87?`E,E5.^o5D`E7�;+<?�l6*,.%-C86ba [ �¹'8%E)8%Ed9)+%0	
u&< �*[�{ p 5.4>%Bvw}�,.%B<9`D7¶a�Q�F3`E5 C1

	Â,DCb2b`D)3<=C8C*5D7?`E�µ^�C35E�R<=7?`E,.% p 68u�u�<95_^�5D)8u�6bv0^�5.,*Q
5Dz-;�% p %-�U�I6>/Á'*<=)8635 p 6*F*<=794868^´79,-5.@*7?`D,-5.^M5D`E7�;+<?�l6*,.%-C86baPQ�7?5 p <=).�l63`D7¶aÃ,�^$C*5B	
�R<w7?`E,-<

Ω
	¾2.7?`E5D@8F*68,E}�/ p 68u�u�<95_^�5D)8u�6bv0^�5., [ ��%E4_5DC*<=rtQV,:'8%E)8%Ed9)8%Eu�< �3[\� p 5-	

4b%Bvw}�,.%B<9`E7�a�Q+F*`-5¿^$C*5w�R<w7?`E,-5 p 6*u�u&<95.^�5.)*u�63v0^�5D,8Q�5Ez-;�% p %-�U�I6>/1;+68'*~I6*r*<=,D}V^
'*<=)8635 p 6*F*<=794868^¹79,E5D@87?`E,-5_^Á5D`E7�;+<?�l6*,.%-C86baPQ_a+,B;8a*<9`E7�a�'*5 p ^$C*5w�R<=79`E,-5_^"^$C*5w�R<?	
79`E,D%

Ω
	¾2.7?`E5D@8F*68,E}�/ p 6*u�u�<95_^�5D)8u�6bv0^$5D, [ ��;*aÄº9`-5.d?5"79C+%wF+%q;�% p 5D4b%Bvw}�,D%-<9`E7�a

d=6*'*<=)*zE5-;�68F*C*5D7?`D��,D7?<�/c'3<=)86*5 p 6*F*<=79486b/c`-5DF*<=4�Q�'35D`-5.^Ä6b/c)+%-,DC35_^�<=)8C8%Ba�d968'3<w)>	
zD5-;�6*F8C*5D7?`E�8Q '35D`-5.^Ä'3;85D`EC35.7?`E�¿'*<=)8635 p 6*F*<=79486>/�`-5DF*<=4A,�C*<9z-;82>� p %E�U��<w^Õ^$C*5B	
�R<w7?`E,-<�6tQ+C8%E4_5DC*<=rtQ+,D}�'*5-;�C3<=C86*<�2.7�;+5D,E63ag5D`E7�2b`E79`E,E63aAr*684b;+5D, [

�´F*<9`E,E<=)*`-5D@Åd¶;�%-,E<K63v923F8%E��`E7¶aÅ7�;�%-zD}�<K'8)3< p <?;��EC8} <l79,-5.@*7?`D,D%µ5E`E7�;+<?�l6b	
,.%-C86ba [ �æ'8%E)8%Ed9)8%Eu�< ]+[ÏZ p %E�·`D7¶aµ5D'8)*< p <9;8<=C863a¿'8)3< p <?;��EC8}
/µ79,-5.@*7?`D,R5E`E7�;+<?�l6b	
,.%-C86bac6c)8%E797=^�%B`D)*68,D%E��`E7¶a�6b/1'*)*5D7?`E<=@*~I63<�79,E5D@87?`E,.% [

��2_7?`E�
f
ù#d95.^�<95_^�5D)8u&63v0^�^�<9`D)*68F3<w794_5Dd?5�'*)*5D79`E)8%EC*79`E,D%

(M,
Ê8ÍÏÆ�î

)
[ ��'*)*<�	

p <?;�68^:7�;+< p 23�U��<9<�79,-5.@*79`E,-5l'*5D7�;+< p 5D,D%-`-<?;��EC*5D7?`D6 ξ = {xk}k>0

�

Ê8ÍÏÆ�î
(xk+1, f(xk)) −→ 0

'8)*6
k → +∞. (∗)

�Õ)8%-zE5E`E<�¼ Uq½ ,D,-5 p 6*`E7�ac7�;+< p 23�U�R<9<�7=,-5D@87?`E,E5 [
��2 p <w^Õd?5D,E5D)863`E�8Q�F*`-5 p ;*aod?5.^$<95.^�5.)*u�63v0^�% f

,E}V'35E;+C3a*<=`E7¶a �	*���(6�0�A
��)�OZ
����*-,�./�0���+���+#/�O�P�0�����\�	*/�435!"�0�6.-!�7���v Ô $'& Q�<=7�;�6 p ;8aæ;+��zD5D@Ä'*5D7�;+< p 5D,D%-`-<�	
;��EC*5D79`E6

ξ={xk}k≥0

Q p ;*aK4.5D`-5D)*5D@K,D}�'*5-;�Cba8<9`E7�a(79,-5.@*79`E,-5 (∗) Q-C8%E@ p <9`E7�aI`B%-4b%qa
`E5DF84>%

q ∈M
Q+F3`-5

ω(ξ) ⊂ ω(q),

d p <�F*<=)*<?v ω(ξ)
5EzE5EvwC+%wF*<=C*5"^$C350�R<=7?`D,-5�,E7?<?/æ'8)3< p <?;��EC8}
/»`-5.F3<=4�'35.7�;8< p 5.,D%0	

`E<?;+�DC35.7?`E6
ξ
[



ZEZ

��2 p <w^�d?5.,-5.)*6*`E�*Q+F3`E5 p ;*acd?5.^�<=5.^�5.)*u�6bvq^�% f
,D}�'*5-;�Cba8<9`E7¶a �����	�)�0�;�~*/�6Z

(6�0�;
���������*-,�./�0�A�+�0��#/�O�P�0�P�����	*/�435!"�0�6.-!�7 { �5v Ô $'& Q8<=7?;+6 p ;8ac;+��zD5D@A'35.7�;+<�	
p 5D,.%B`-<9;+�DC35.7?`E6 ξ = {xk}

Q p ;*aÃ4_5E`E5D)*5D@¹,E}�'*5-;�Cba8<9`E7�aÅ7=,-5D@87?`D,-5 (∗)
Q�C+%-@ p <9`E7�a

`B%-4b%qac`-5.F*4b%
q ∈M

Q8F*`-5

ω(q) ⊂ ω(ξ).

G 50�lC35U,E,E<=7?`E6�%EC8%B;85.d96�79u&5D)+^¦20;�68)35.,D%-C8C8}
/�'8)3< p <?;��EC8}
/�7=,-5D@87?`E,�5D`E7�;+<�	
�l68,D%EC*63a�Q+,j4_5E`-5.)*}�/

k → +∞
v0%E^$<=C3<wC35KC+%

k → −∞
� ,jd¶;�%-,E< ] '8)*68,-5 p a*`E7�a

º=`E615D'8)3< p <?;+<=C86ba � [
�»'8%E)8%Ed9)+%-u&< ]8[ÏZ p 5.4>%Bvw}�,.%B<9`D7¶a�Q*F*`-5K;���zE5.@1d?5.^�<=5.^�5D)8u�6bv0^ f

4_5.^�'8%E43`q	
C*5Dd95l^�<9`D)*68F3<w794_5Dd?5l'*)*5D79`E)8%EC*79`E,D%

M
5Dz-;�% p %B<9`l79,-5.@*7?`D,-5.^ { ��v Ô $'& [

�W)86¿63v923F3<wC*686 p 6*C+%E^�6*F*<=79486>/µ796*79`-<w^Ã5.7?5Ez.}�@¿6*C*`-<=)*<=7�,E} vw}�,.%B<9`I7?`D)b234b	
`-23)8%lC*<9zE;*2>� p %-�U��<wd?5�^$C*5w�R<=79`E,D% [ �&%-415Ez.}�F8C35+Q85DzE5EvwC8%0F868^æF3<w)3<?v Ω(f) ^$C35-	
�R<w7?`E,-5�,D7?<�/�C*<9zE;*2>� p %E�U�R6b/�`-5.F3<w4Rd?5.^�<=5.^�5.)*u�6bv0^�% f [ OW5.)35.~�5W63vw,-<=79`EC35+Q0F*`-5
p ;8acd?5.^�<=5.^�5.)*u�6bv0^�% f

Ω(f) ⊃
⋃

p∈M

ω(p).

��'+%-)+%-d=)8%Eu�< ]8[�{ '8)*68,-5 p 63`D7¶a²'*)86+^�<=)Àd95.^�<95_^�5D)8u&63v0^�% f p ;8ao4.5D`-5D)*5Dd951^$C*5B	
�R<w7?`E,D%

Ω(f)
6 ⋃

p∈M ω(p)
C3<�7?5D,D'8% p %E��` [ ��)35_^�<V`-5Dd?5+QD`q%D^ p 5D4b%qvw}V,D%-<9`E7¶aPQDF3`E5

<w7�;+6 p ;*acd?5_^�<95_^�5D)8u&63v0^�% f
,D}�'35E;+C3a8<9`E7¶ac79,E5D@87?`E,E5 ��v Ô $'& Q*`-5

Ω(f) =
⋃

p∈M

ω(p).

� p 68797?<=)*`q%Er*686 '*<=)3<wF*687�;8a8��`E7�a 6bvw,E<=7?`EC8} < )3<?v=20;��w`B%B`E} 5 />%-)+%-4*`-<�	
)863v0%-r86*6

C1
	Â,DCb2b`D)3<=C8C*5D7?`-<w@(^$C*5w�R<w7?`E, p 68u�u�<95_^�5D)8u�6bv0^$5D,*QB5EzE;�% p %E�U�R6b/R'*)*<�	
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